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ABSTRACT 

This commentary is to be used with ’’Unified Modern 
Mathematics, Course III." Statements of specific purposes and goals 
of each section of every chapter of Course III are included in the 
"Commentary." Also included are suggestions for teaching concepts 
presented in each section; time estimates for each section; suggested 
instructional aids for presenting various concepts; references for 
further study; and chapter examinations which constitute a 
comprehensive test for each chapter. [Not available in hardcopy due 
to marginal legibility of original document. ] (EL) 



O 

ERIC 

ijfflinaffamiaaa 



y 



nD 

N, 

r<. 

sD 

-4* 

O 



Secondary School Mathematics 




$ ft 1' »!// 

flfl' i- y 

se 






mathem 

o <j ' ; \ vj ’■ ‘ r v- ', ■ 1 ■> , ** 



U S. DEPARTMENT OF HEALTH. EDUCATION 
fit WELFARE 
OFFICE OF EDUCATION 
THIS DOCUMENT HAS BEEN REPRODUCED 
EXACTLY AS RECEIVED FROM THE PERSON OR 
ORGANIZATION ORIGINATING IT. POINTS OF 
VIEW OR OPINIONS STATED DO NOT NECES- 
SARILY REPRESENT OFFICIAL OFFICE OF EDU- 
CATION POSITION OR POLICY 




TEACHERS COMMENTARY 



FOR 

COURSE III 
0 F 

UNIFIED MODERN MATHEMATICS 




SECONDARY SCHOOL MATHEMATICS 
CURRICULUM IMPROVEMENT STUDY 

er|c 2 



EDO 46776 



- 1 - 



Secondary School Mathematics Curriculum Improvement Study 
Course III - Teachers Commentary 



HOW TO USE THIS COMMENTARY 



1. Purposes . As in the first two courses, the teacher must 
be aware of the important topics and concepts that run 
through the main body of the previous courses to create a 
unified approach to mathematics. Students will learn to 
view mathematics as a unified subject only if basic relations 
and properties are continuously used and emphasized. The 
concepts learned, in Course I and Course II are to be 

used to an advantage in the presentation of Course III. 
Teachers presenting Course III must be familiar with the 
content and concepts emphasized in the previous courses. 

At the start of each chapter, the overall 
purposes and aims for the unit are stated. The commentary 
for every section within the chapter will start with a 
statement of specific purposes. 

2. Sections . There are two basic types of sections within each 
chapter. One type presents concepts; the second type 
consists of exercises . The sections have been ordered so that 
a section (or sometimes two sections) of exposition is 
followed by a section of related exercises. Within 
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various sections, the teacher will find: possible 

motivational devices; a variety of approaches; notations 
relative to difficult exercises; suggestions for placement 
of exercises as class work; homework or self-study; hints 
regarding difficulties that may occur; new vocabulary 
underscored; and some abstract background for the teacher. 

3. Time Estimates . In terms of days, a time estimate will 
be found at the beginning of each chapter commentary. 

This is the estimate for the chapter; it is based upon 
individual time estimates for sections within the chapter. 

Time estimates are given only to those sections contain- 
ing some form of exposition. It is assumed that each exer 
cise section is to be grouped with the concept section 
immediately preceding it relative to time estimations. 



4 . Exercises . Certain exercises have proved to be jnore 
successful when discussed within the actual lesson 
rather than assigned as homework. Suggestions regard- 
ing the placement of exercises appear at various points 
within the commentary. 

The teacher need not hold rigidly to the exercises listed. 
He is free to choose, add or alter any exercises whatso- 
ever. In instances stressing drill, the teacher may wish 
to select or limit exercises depending upon the particular 
skills of his class and/or individual students. Difficult 
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problems have been starred and may be considered as 
optional. However, these problems are the most 
rewarding as well as the most challenging, and the 
teacher should discuss some of these in the classroom 
and/or assign them to the better students as homework. 

In all instances, the teacher should study the exercises 
before assigning them, carefully noting the concepts involved 
and approximating the time required for those exercises 
chosen. To insure that the teachers' evaluation of 
time for an assignment is as accurate as possible, the 
teachers should occasionally ask students to time home- 
work assignments, allowing him to compare the true mean 
time with his judgment. 

In Chapter 5 (combinatorics) additional problems have 
been included, to be used at the discretion of the teacher. 

Proofs . The proofs presented in the commentary and the 
text are not to be accepted as the only possible, logical 
proof. The teacher should expose the students to other 
approaches, and encourage the students to develop their 
own proofs. Student approaches, very often, are more 
direct, less involved, yet complete mathematical solutions 
to problems. 

In Chapter 9 on Informal Geometry, some complete 
mathematical proofs should be presented by the teacher 
with the use of the observations (axioms) and conclusions 
(theorems) derived from the observations. In addition, aome 
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of the students should be encouraged to develop and pre- 
sent formal proofs on theorems not done in class. Time 
may not permit to do so with all the theorems, but 
some of them yield to relatively short yet complete proofs 
which can be done or at least followed by most pupils. 

6. Summary and Review Exercises . At the end of each chapter, 
the teacher will find a summary of the main concepts stu- 
died, followed by a series of related review exercises. 

The teacher may wish to assign the reading of the summary 
and the completion of the review exercise as: 

(a) homework to be reviewed in class the following day, 

(b) self-study with time allowed the following day for 
student questions., 

(c) classwork or 

(d) test items. 

7. Tests . At the end of each chapter commentfiry, the teacher 
will find a aeries of suggested test items. The teacher 
should again feel free to choose, add, or alter any of these 
problems in constructing a test for his own class. An 

additional source of test items, when altered, would 

\ 

be the review exercises appearing at the end of each 
chapter in the text. 




8. The Pitfalls To Avoid. To guarantee that the suggested 
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curriculum be essentially covered within the time span 
of one school year, the teacher shculd be flexible enough 
to: 

a. Drop specific topics that prove to be overly 
difficult, with the idea of coming back to this 
material at a later date} 

b. Judge whether certain topics will be seen again, 
as in a spiral approach, and then realize that 
complete mastery need not always be obtained with 
the introduction to the material} 

c. Select exercises as needed rather than assign all 
of the problems indicated} 

d. Assign additional exercises and/or construct new 
worksheets as the need arises with each specific 
class} 

e. Provide occasional review sheets throughout the 
term to supplement spiral approach} 

f. Have copies of Course I and II readily available 
for reference} 

g. Teach the "spirit" rather than the "letter" of the 
program. 
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Teachers Commentary of Unified Modern Mathematics Course 
III is an expansion of the original commentary written by the 
authors of the text. It was revised by the following pilot 
teachers in the SSMCIS Project: 

Franklin B. Armour, Teaneck, New Jersey 
Samuel Backer, Elmont, New York 
Annabelle Cohen, Teaneck, New Jersey 
Alexander Imre, Elmont, New York 
Bdward Keenan, Elmont, New York 
Christine McGoey, Leonia, New Jersey 
Mary P. Renda, Teaneck, New Jersey 
David Swaim, Leonia, New Jersey 

A practical list of suggestions and a reasonable esti- 
mation of time allotments for the whole of this commentary is 
included based upon the experiences of the above pilot teachers. 



O 

ERiC 



8 



- 7 - 





Time Estimate 


- Course III 


Chapters 


Teaching Days 


Test 


1 


10 - 12 


1 


2 


H 

1 

C\J 

H 


1 


3 


H 

1 

C\J 

H 


1 


4 


l4 - 18 


1 


5 


19 


2 


6 


12 - 14 


1 


7 


16-20 . 


1 


8 


16 - 20 


1 


9 


9-12 


1 



Total 

11 - 13 
13 - 15 
13 - 15 
15 - 19 
21 

13 - 15 
17 - 21 
17 - 21 
10 - 13 




Chapter 1 

INTRODUCTION TO MATRICES 
Time Estimate: 10 - 13 days 

This Chapter has two main objectives. The first is to show 
that matrices are a natural and neat way to display data in some 
situations. The situations chosen for this purpose relate to 
baseball* mileage charts* economics (the case of the builder 
of homes)* coding and decoding secret messages* solving systems 
of two linear equations in two unknowns* bus route connections 
between towns* geometric transformations* and transition of 
states. The list i3 impressive, but by no means exhausts the 
actual number and only suggests the great variety of possibili- 
ties. 

The use of matrices as a means of simplifying the presenta- 
tion of data is unquestionably valuable. But if that were its 
only value it would not hp,ve become a subject of mathematical 
inquiry. The situation may be compared with the stage in man's 
history when he knew what numbers were* using them to tell how 
many there were in a set of objects, but not yet realizing that 
they could be added* subtracted* multiplied* and divided. Thus 
the second objective in this chapter is to show that operations 
on matrices are a natural outcome* as are operations on numbers. 
This is easily done for adding matrices* and multiplying a scalar 
and a matrix. It is more difficult for multiplication of 
matrices. But all operations with matrices can be developed 
naturally as the result of (1) asking the right questions. 



(2) allowing students to answer them, and finally, (3) seeing 
how students' answers may be regarded as some operation with 
matrices. It is hoped that when done this way, students will 
see how natural, though strange, the three operations on 
matrices are. 

In the course of learning these operations, a number of 
mathematical questions will arise. Per example, the commutati- 
vity of addition or multiplication of matrices. It is not the 
aim of this chapter to give final answers to such questions, 
nor should you discourage students from asking them, or even 
discussing them. It is the aim of this chapter to stir and 
whet the students' curiousity concerning the properties of the 
operations. It would be unfortunate to engage in formal dis- 
cussion about these properties in this chapter while many 
students are still trying to understand the operations 
themselves. We prefer to expose students to the formal 
considerations in Chapter 2. Meanwhile there will surely be 
some students who will anticipate the formal results. They 
should be encouraged individually and privately. They should 
not be allowed to "spoil" it for others by presenting their 
discoveries to an audience not ready to receive them. 

References 

Davis, P. J. Mathematics of Matrices . New York: Interscience 

Publishers Inc . , l9b3 . 

Eves, Howard. Elementary Matrix Theory . Boston: Allyn and 

Bacon, Inc., 19bb. 

Kemeny, Snell, Thompson. Introduction to Finite Mathematics . 

Englewood Cliffs, N. 371 Prentice^Haii Inc., T957~- 
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Matthews, G. Co ntemporary School Mathematics Matrices 1^ and 2. 
London: fidward Arnold, 19b4 . 

School Mathematics Study Group. Introduction to Matrix Algebra . 
Pasadena: A. C. Vroman Inc . , 1965 . 



1.1 What is a Matrix (Time for 1.1 and 1.2 = 1 to lj days) 



Matrices were used to tabulate data in rectangular arrays 
long before mathematicians became interested in them. In this 
sense, a railroad timetable and a stock market report are 
matrices. In 1845 Arthur Cayley (1821-1895) observed in his 
treatise on linear transformations that every linear transfor- 
mation could be associated with a rectangular array, and called 
these arrays matrices. Matrices turned out to be a convenient 
tool in discussing linear transformations and soon thereafter 
mathematicians found that other situations also submitted to 
a matrix approach. The advent of electronic computers made it 
possible to use matrices in disciplines that had been considered 
unrelated to mathematics, and this in turn, further encouraged 
mathematic ians to study matrices energetically. 

In this section the student takes a first step in the 
direction of appreciating the values of matrices hinted above. 
That step is a small one, concerned with situations with which 
he is familiar and in which he is probably interested. The 
student is also expected to familiarize himself with terms 
associated with matrices: row, column, first row, first column, 

and a^j, the entry in the ith row, Jth column. 
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1.2 Exercise Solutions 

1. a. 10 x 5 b. 4.7; 61.6 c. (0, 52.6, 49.8, 20.4, 1.4}, 

C a i j 5 i = i, i < 5) = (a^: i < 5). 

d. The greatest entry in the first row is 49.0. The 
greatest part of professional and technicians have 
college training. 

e. The greatest entry in the first column is 5«1« There 
are more people with no schooling among farm laborers 
and foremen than among any other group. 

f. The greatest number in the fifth row 6l.6j the least 
is .2. Among sales people the greatest number are 
high school trained, the least have no schooling. 

g. The greatest number in the fifth column is 28.0; the 
least is 0. The greatest number of graduate students 
are professionals and technicians; the least are farm 
laborers and foremen. 

2. b. The stock market is a matrix. In the New York Times 

version there are 8 columns: yearly high, yearly low, 
numbers of stocks sold, first bid of the day, high 
bid, low, last, net change. The number of rows is 
equal to the names of the stocks. Sometimes a 
dividend (as a ninth column) appears. 

3* a. 6x5 b. a^| * 29,028, = 11,500,000, a^ g * 

c. (11,500,000, 19*340, -436, 136.0, -11.4}. 

d. (16,900,000, 19*340, -228, 120.0, -67.0}. 
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e. (11,500,000, 20,320, -131* 122.0, -8.0}. 

f. (29,028, -436, 134.0, -27.4}. 

g. (11,500,000, 22,834, -39}. 



1.3 Using Matrices to Describe Complex Situations (Time for 
1.3 and 1.4 « 1 to lg- days) 




In this section we show how matrices can simplify the pre- 
sentation of a set of rules used in a game to determine the 
amounts won or lost by each of two players. To keep the 
illustration simple, we choose a game in which only two possible 
strategies are available to each player (heads or tails). If 
you wish to use an illustration in which more than two strate- 
gies are available to the players, you might use the game in 
which each of two players presents 1, 2, or 3 fingers, at a 
signal, with a set of rules that determine the amount won or 
lost by each player. 

More amazing is the second example which concerns bus 
routes between town. This is a specific case of planar graphs 
used in geometry (see Graphs and Their Uses by Oystein Ore, The 
L. W. Singer Co. 1963) and in representing communications 
networks by matrices (see Kemeny, Snell, Thompson: Introduction 
to Finite Mathematics, Prentice Hall, pages 315-320). 

The section ends with a discussion of coefficient matrices, 
associated with systems of two linear equations in two variables 
The coefficient matrices are to be an important tool in this 
and the next chapter, in solving a system of linear equations. 
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They are also an introduction to transformation matrices. 

Note to teacher: In Exercises 1.4, problem 3, tell students 

to follow the Example 2 (Figure 1.5) in the text, to avoid 
confusion. 



1.4 Exercise Solutions 



1, loser 







A 


B 


C 




A 


0 


4o 


30 


Winner 


B 


35 


0 


25 




C 


38 


32 


0 



a ij ^ a ji except when i = J (that is, a^ = 0) 
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A 

B 

C 

D 



0 

1 

0 

0 



1 

0 

2 

0 



0 

2 

0 

0 



0 

0 

0 

0 



d. 



A 

B 

C 

D 



0 

0 

1 

0 



0 

0 

0 

1 



1 

0 

0 

1 



0 

1 

1 

0 



4. 



c. 



e. 






A 

B 

C 

D 



0 

0 

1 

0 



B 

0 

0 

1 

1 
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4 -2 



5 

-2 

3 

2 



1 

1 

0 

0 



0 

1 

0 

0 



b. 




d. 



1 

1 



1 

0 



_1 -4] , [l -4 

e. [2 - 3,1 -1 


-il 

a 1 


0 1 
[2 -4 
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1.5 Operations on Matrices 


(Time for 1.5 and 


1.6 = 2 



1 1 
1 0 
1 1 

-4 1 
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2 

1 _ 
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This section presents three operations. 

(1) Addition of two matrices having the same dimensions. 

(2) Multiplying a scalar and a matrix (the component parts of 
a matrix are scalars), and 

(3 ) Multiplying two matrices. 



All of these operations emerge from a consideration of a 
single situation; the case of a builder of homes, building two 
models, in three towns, for two years. Data are presented in 
matrix form. Then questions are asked which relate to the 
situation. Each question is designed to elicit an answer which 
can be formulated as an operation on the matrices. We suggest 
that you give these questions a prominent role in your presen- 
tation, repeating them if necessary, to clarify their meaning. 

It will be more difficult to describe multiplication with two 
matrices. To help your students understand multiplication, 
write their answers at the boards, as is done in the text 
following Figure 1-10 ending with Figure 1-11. It is possible 
that, even with this, all students will not see the pattern 
in the multiplication. Figure 1-12 may help these students. 

When the operation is understood, it may be remembered as 
multiply "row by column" - not an accurate description - only a 
mnemonic device* 

Multiplying matrices having large dimensions, say 20 x 25 
and 25 x 30, is a cumbersome process, (in management science 
studies one may meet matrices with dimensions 100 x 300.) 
Multiplying matrices does arise in economics and sciences. It 
is not difficult to program a computer to carry out these 
multiplications no matter what the dimensions. Largely for this 
reason matrices have become an important tool in scientific and 
management studies . 
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1.6 Exercise Solutions 



1. 



2 . 



O 

ERIC 



b. 



d. 



D + E = 



a. Dimensions of D, E, F, G are respectively 2x3* 
2x3* 3x2, 2.x 1. 

5 3? 

7 5 ^ 

c. No. Addition is defined only for two matrices having 
the same dimensions. 

3 2 1 



P = 



[ 27 34] 

26 34j . 



e. No. D does not have as many columns as E has rows. 

f. E • P is the number of doors and number of windows used 
in the 1968 program in P and Q. P • G is the cost of 
doors and windows used for each model. 

g. (E • P) • G means the cost of doors and windows used 
in the 1968 program. E • (F • G) means the same thing. 

29? 



(E 

h. 3D 



P) 

-[L 

•[: a 



G = E • (P • G) * 

6 3" 



455 



b. These matrices cannot be added. Their dimensions differ. 

0 1 3" 



c. 



e. 



d. See (b). 



18 
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3 . 



a. 



0 

0 




6 9 
Id 27 _ 



c. Not possible. The first matrix does not have as many 
columns as the second matrix has rows. 

d. [lO 2oJ e. Not possible. See (c). 





a 


b 


| 


ri 


ol 


1 


a* 


Ol 


f. 


c 


d 


g. 


Is 


i 


1 h - 


0 


d 



i. Not possible. The first matrix has more columns than 
the second matrix has rows. 




g. The addition is not possible. 

h. The second multiplication is not possible. 




x + 2z 



x + 2y + 3z 
oc + 2y _ 
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Therefore the products are not the same. 




8. Same answers as those in Exercise 7. 



1.7 Matrices and Coded Messages (Time for 1.7 and 1.8 = 1 to 
lg- days) 



This section should be fun for both student and teacher. 
Coding and decoding interest many youngsters, as well as adults. 
Built into this coding device "lurk" two mathematical problems. 
One, is the question of invertibility. Suppose, for instance, a 



coding matrix is 



G 3 



It has no multiplicative inverse, hence 



no decoding matrix exists. (See Chapter III for explanation of 
why it has no multiplicative inverse). The other is the ques- 
tion of commutativity. If the coding matrix is a "right" 
multiplier (some books call it a "post" multiplier), then the 
decoding has to be a "right" multiplier also, in order to be 
effective. A "left" (pre-multiplier) multiplier does not 
produce the original message I Here is a dramatic demonstration 
that suggests that multiplying two matrices is not commutative. 

The coding and decoding matrices used in the text are also 
used in exercises 3-4 of Section 1.8 to solve pairs of linear 
equations in two unknowns. Note, however, that these equations 
O *e restricted to those whose coefficient matrix is either the 

Eiyc &t\ 

KV 
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coding or decoding matrix. This is done with "malice afore- 
thought" in order to motivate the students, stirring up some 
curiosity, without supplying mathematical explanations. We 
hope, as a result, that many questions will occur to the 
student, which being noted, are tabled to Chapters 2 and 3. 

This is done so that students may explore the questions by 
themselves and thus give them an opportunity for mathematically 
creative activities. 



Very Important Note to Teacher : It is necessary for the 

teacher to point out that the form of the decoding matrix in 
comparison with that of the coding matrix in this section, 
is not the general relationship between a matrix and its 
multiplicative inverse. It is very probable that students will 
jump to the conclusion that a coding matrix of the form 



or 



has a corresponding decoding matrix of the form 

which is false. To convince them, give them the coding 



Cl 



n 



L. <] 



matrix 



which 



e -a 

“C 



and ask them to try and find the decoding matrix, 

4 2 



Or try the coding matrix 




whose 



3 1 

decoding matrix is I I. (See Chapter III for explanation 

U -iJ 

of how to find the decoding or multiplicative inverse matrix.) 
Also stress that if the coding matrix is a right multiplier, so 
must the decoding matrix be. To convince them, have them try to 
rnW*code a message by multiplying on the left with the decoding 

cKJ C . • 

- *’ V;* 
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matrix. 



1.8 Exercise Solutions 

1. a. COME HOME substitution^ 



3 15 13 5 



8 15 13 5 



p 


15 


1 


? l5 l 


U3 


5 


J 


L? 5J 


F 1 


3*5 




p 5*n 




49 


$ 


gl 49) 



F 3 15 




2 3 




8 15 




2 3 


[13 5 




1 2 


* 


13 5 




1 2 _ 



b. WHER EARE YOUX- 



21 39 31 49 31 54 31 49 
“ 51 1 

5 



p 3 8 ] p 1 

l_5 ie'Jia - 

[ 54 85 11 17! (65 105] 

28 51 , _4i 64 , [66 111] 



|'25 15 

,|2l 24 



4 54 85 28 51 11 17 4l 64 65 105 66 111 



2. a. 58 97 27 53 25 49 27 53 



[ 58 97] p5 4?] 

27 53J , [27 53j 

E 8 97l p -3] [25 4?| p -3l p9 20I p 

7 53] k 1 2], [27 53]* j^l 2] Ll 25], [l 



4 STAY AWAY 



b. 



po 5lJ p5 65! p 9 12l T5 25J 

[52 89], [51 87J L3 5 2 £j't 5 2 il 



3. a. 



I LOVE YOU 

E 1 -E] 

(x,y) - (-2,3) 



Check: 



ERIC 




Check: 



2 (-2 ) + 3(3) = 5 
(-2) + 2(3) = 4 



2(-4) + 3(1) = -5 
(-4) + 2(1) = -2 



23 

25 



3 
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p 


-3 




12~ 




Y 




2 


• 


_6 








(x,y) = (-15,10) 
-3] 



[i !•[:]■□ 



(x,y) = (0,0) 



Check: 



Check: 



Check: 



2 ( 6 ) + 3 ( 0 ) - 12 
6 + 2 ( 0 ) = 6 

2(-15) + 3(10) = 0 
(-15) + 2(10) = 5 

2 ( 0 ) + 3 ( 0 ) = 0 
0 + 2 ( 0 ) = 0 



4. 



Use the coding matrix. 




(x,y) = (8,3) 



c. 



2 3 

1 2 

(x,y) = (2,0) 




2(4) - 3(1) = 5 

Check: 

-(4) + 2(1) = -2 

2 ( 8 ) - 3 ( 3 ) = 7 

Check: 

-( 8 ) + 2 ( 3 ) = -2 

2(2) - 3(0) = 4 

Check: 

-( 2 ) + 2 ( 0 ) = -2 



5. Many possible answers. For example, see Exercise la where 
"M" and "H" both become "31." (It is hoped that this 
exercise induces the contention that multiplication of 
matrices is not commutative.) 

6. No. See Exercise 5, or try it; 
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1.9 Matrices and Transformations (Time for 1.9 and 1.10 = 2 

to 2jy days) 

This is a good opportunity to review transformations, 
and, at the same time, extend students' abilities to study 
transformations through the use of matrices as tools. The 
matrix of a transformation is derived in exactly the same 
manner as the coefficient matrix of a set of linear equa- 
tions; namely, by detaching coefficients of variables, with- 
out disturbing their relative locations. We have restricted 
ourselves in this section to transformations with coordinate 
rules, for which the origin is a fixed point. This includes 
reflections in the x-axis, y-axis, i, (the line with equation 
y = x), two rotations about the origin, dilations about 0, 
but not translations nor glide reflections. To include the 
latter exceptions we would have to use 2x3 (or 3x3) 
matrices, and this would mar the simplicity of a first approach 
to this topic. Consider for instance, the composition of the 
halfturn about 0 with matrix r* v l and the translation with 



B-2 

-*(x + a, y + b), or what comes to the same 
thing, the matrix I 1 0 a | . The composition requires a 

lo 1 b| _ 

multiplication of matrices. We can multiply 0 . 1 0 1 

Lo -y Lc i \ 

but not I* 0 ®| , I" 1 ®| . This introduces a problem for 

to i b| Lo -ij 

which students are not ready. It can be solved by using 
homogeneous coordinates in a projective plane. This results in 



rule (x,y)* 
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™1 0 0 




10a 


0-10 


and 


0 1b 


_o o i 




0 0 lj 



Note the natural way in which the question of associa- 
tivity arises in connection with the effect of a composite 
transformation on a point. For this we need a product of 
three matrices, and the question taken up in the text leads 
to an interpretation of the product of two transformation 
matrices. 

We have introduced a shear in a plane in this section 
since, like the other plane transformations, it too has a 
simple 2x2 matrix. 

A shear is a stretching, but not an equal stretching. 

An example of a shear is the mapping (x,y)— * (ax + by, cy). 

The concept of a shear is useful in physics, especially fluid 
mechanics. For a reference see "Geometric Transformations, 
Volume 1" by Modenov and Parkhomenko, Academic Press. 

But simplicity of matrices does not necessarily make 
for simplicity of transformation. For examples, see 
Exercise 4(a) and Exercise 5 in the section that follows. 

Do not expect your students to give a full account of 

(the coding matrix). 

You should be content with a description which reconverts the 

matrix to the coordinate rule. So, for \ ^ I expect 

[1 2J 

" (x,y)- — *(2x + 3y, x + 2y)" . 

We have not considered what Interpretations to give the 
urn of two matrices associated with transformations. Actually, 

qe; 



the transformations with matrix 



C 



the answer is simple. 



When a matrix has the form 




it can be interpreted as 



being associated with the translation that maps (0,0) onto (a,b), 

is the matrix of the composite trans- 



and 


PI + 


r°i - 


a + <? 




|b| 


L<y J 


b + d 



lation which follows the familiar "parallelogram law" for 



adding translations (or vectors). Now, 



"decomposed" into x 



fl 



e 3-E3 
•C 30 



may be 
may be 



viewed as the sum of two 2x1 matrices, each multiplied by a 
scalar. Hence, the image of each (x,y) is obtained as the 
sum of two vectors. If you like, this can be taught in 
connection with Exercises 4-8 in Section 1.12. For instance 
may be regarded as x 



g m 

The image of (1,2) is found by the addition + 



Y 


. (3I 


[2x1 


^ f3yf 




+ y 


or 




i_ 


lid 


Ld 


hi 



The image is (8,5). In this manner we find that the image 
of the unit square, with vertices (0,0), (1,0), (1,1), (0,1) 
is the parallelogram with vertices (0,0), (2,1), (5,3), (3,2). 
This suggests how the entire plane, viewed as a network of 
squares, is transformed onto a network of parallelograms. 

(See Matthews, Matrices 2, pages 20-23). 



1. 10 Exercise Solutions 




The image is (3,2). 



The image is (-3,-2). 

26 




The image is (-2,3). 
The image is (2,3). 
The image is (-3,2). 
The image is (9»-6). 




The image is (2,0). 
The image is (0,2). 
The image is (0,2). 
The image is (0,2). 
The image is (0,-8) 



Hie image is (0,-8) 
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b. 



a. Each point is its own image. The transformation is 
the identity transformation. 

( 0 , 0 ) » ( 0 , 0 ); ( 1 , 0 ) > ( 1 , 1 ); ( 0 , 1 ) —*( 0 , 1 ); 

>(1,2). This is a shear with rule 
» (x, x + y). 

> (0,0); ( 1, 0 ) > (0, -1 ) , (0,1)— —4(1, -1), 

>(1,-2) . This is R, followed by R x , followed 
by shear with matrix | * v . These are determined 



d. 



e. 



( 1 , 1 ) 

(x,y)- 

(o,o) 

( 1 , 1 )‘ 



f. 



[; 3 

by noting how to transform square with vertices (0,0), 

(1.0) , (1,1), (0,1) into the parallelogram with 
vertices (0,0), (0,-1), (1,-2), (1,-1). 

Also acceptable is the answer: the transformation 

with rule (x,y) >(y, -x - y). 

(0,0) ■■ 4(0,0), (l,0) 1 —>( —1, 0 )*, (0,l)— ■■ 't(l,l), 

(1.1) ^_* (0,1) . This transformation maps (x,y) onto 
(-x + y, y). 

( 0 , 0 ) >( 0 , 0 ), ( 1 , 0 ) >( 2 , 0 ), ( 0 , 1 )- — >( 0 , 1 ), 

(1.1) - — *(2,1). In general (x,y) >(2x,y). This 

moves a point along a line parallel to the x-axis 
(y— >y) and twice as far from the y-axis (x — *2x). 
(0,0)- — >(0,0); (1,0) >(2,l), (0,1) >(1,1), 

(1.1) — ->(3,2). In this transformation 

c(x,y)— »(2x + y, x + y). 



2S. 
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g. (0,0)— >{0,0)j (1,0) >(2,0), (0,1) >(0,2), 

(1,1)— — >(2,2). In this transformation 

(x,y)— >(2x,2y) . it is a dilation with scale factor 



2 . 



h. 





2 

0 



(o,o)« 

( 1 * 0 )- 



>( 0 , 0 ), 
► ( 0 , 1 ), 



(0,1) >(2,0), (1,1) >(2,1). In general, 

(x,y) >(2y,x). It can be regarded as a motion 

parallel to the y-axis ( x - > x) and twice as far 

from the x-axis (y >2y), followed by R,. 

5. (3,2)— >(5,5) and (2,3) >(5,5). Therefore the mapping 

is not 1-1. Hence it is not a transformation. 

6. The rule of this transformation is (x,y)— — > (2x,x + y). 
One can describe it as moving a point parallel to the 
x-axis to another twice as far from the y-axis as the 
first (the effect of 2x) and raising it (or lowering it) 
a directed distance of y (the effect of x + y). 

7. The rule is (x,y)« >(3x,y). This keeps a point at the 

same distance from the x-axis (y >y) and triples its 

distance from the y-axis (x— >3x). 

8. C has the rule (x,y) ■■ ) (2x + 3y, x + 2y). 

D has the rule (x,y) — > (2x - 3y* -x + 2y). 

In either order the composition is i, with rule 

(x*y) »(x,y). 

9. For space transformations we use 3x3 matrices. Some 
examples follow. 
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The reflection in the xy-plane has the rule 
(x,y,z) >(x,y,-z). 

Too 

The matrix for this rule is 0 1 0 

£ 0 - 1 . 

The reflection in the origin 0 has the rule 
(x, y, z )— » ( -x, -y, -z ) . 

-10 0 

The matrix for this rule is 0-1 0 

.0 0-1 

The reflection in the x-axis has the rule 
(x, y, z ) >(x, -y, -z ) . 

Too 

The matrix for this rule is 0 -1 0 

0 0-1 

The dilation with center 0 and scale factor 2 has the rule 
(x, y, z )— ■» ( 2x, 2y , 2z ) . 

To” 



The matrix for this rule is 



0 2 0 
0 0 2 



lhe 90° rotation about the x-axis has rule 
(x,y,z) ■ ) (xj-z,y) and the matrix for this 

rule is 



0 0 

0 -1 

1 0 



o 

eric 
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1.11 Transition Matrices (Time for 1.11 and 1.12 = 1 to lj 
days) 



We have deliberately chosen transition matrices in which 
the sum of entries in each row is one. Then each of these 
matrices may also be considered a stochastic matrix and the 
entries ere known as transition probabilities. A sequence of 
calculations in which we start with a set of states and 
calculate consecutive stages of states (as we do for the 
population of a city and its suburb) is a Markov Chain. 

However a transition matrix need not be a stochastic matrix. 
Had we allowed for an increase in the total population of our 
example then the sum of the entries in a row would have been 
more than one, and hence, they would no longer be transition 
probabilities - and neither would the matrix be a stochastic 
one. 



For additional examples of a Markov Chain see Kemeny, Snell, 



Thompson: Introduction to Finite Mathematics , Prentice Hall, 

pages 171-175. 



2 , 219 , 000 ] 



1.12 Exerc i se So lution s 

1 . 



[ :9 .1 

= [4,781,00a, 

*2 « o 




(b) 


L963 to 1964 


1964 to 1965 


1965 to 19 66 


Changes in city 
population 


- 100,000 


- 70,000 


- 49,000 


changes in suburb 
population 


+ 100,000 


+ 70,000 


+ 49,000 






TTT 
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3. 



4. 
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The absolute values of the changes are smaller and 
smaller, and presumably continue in this manner to 
approximate zero. This is the mathematical way of 
describing a tendency to stability. 



(a) 

(b) 

(c) 




The changes in water vapor in successive hours are + 2, 

+ 1.94, + 1.88l8, indicating a constantly increasing 
amount of vapor - even though the amount of increase is 
slowly decreasing. This would suggest (not prove) that 
the sequence of vapor changes has a lower bound 0. This 
would imply that the amount of water vapor has a greatest 
lower bound - hence eventual stability. However the data 
collected for three hours only suggests this stability. 
More data would make this argument more plausible and 
mathematical theory (involving characteristic values of 
the transition matrix) would prove the conclusion of 



stability. 




To find the 1962 population t rom the 1963 population 

- ■ it 



multiply 

[5*000,000 2,000,000] by the inverse of the transition 

matrix. Thus, if A is the transition matrix, and [x,y] 
is the 1962 population, 

[5*000,000 2,000,000] *A _1 = [x,y]. 

because [5,000,000 2,000,000] • A" 1 • A = [x,y]*A 

or [5,000,000 2,000,000] * [x,y]*A 

as required. 



1.14 Exercise Solutions (Time for summary and 1 . 14 = 1 day) 



1 . 



(a) AB 

(b) AB 

(c) AB 

(d) AB 




In each case A + B = B + A 




2 . 
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5 . 



6 . 





[3 l] 

Which on multiplying on the right by I becomes 

[5 2J 




114 4l 96 36 84 33 64 23 132 49 115 43. 




a. 



b. 




d. 



WILL COME SOON. 




[: 1-0 -0 

(x,y) = (2,-3) 

D M 

(x,y) = (-2,-3) 

p T| [o] "o' 

L 5 d L°J L°. 

(x,y) = (0,0) 



3(2) + (3) = 9 

Check: 

5(2) + 2(3) = 16 
3(2) + (-3) = 3 

Check: 

5(2) + 2 ( -3 ) = 4 
2 (-2) - (-3) = -1 

Check: 

-5(-2) + 3 (-3) = 1 
2 ( 0 ) - ( 0 ) = 0 

Check: 

- 5 ( 0 ) + 3 ( 0 ) = 0 




- 33 



7 . 



9. e, 



0 1 o’ 




a b c 




d e f 


10 0 


• 


d e f 


= 


a b c 


£ o L 




_g h i_ 




_g h i_ 



The product may be obtained from the second matrix 
by interchanging the first and second rows. 



00 

• 


ABC 


A B C D 


A 


o 

CVJ 

o 


0 10 1 


a. B 

C 


2 0 1 b. B 

0 10 c 

D 


10 10 
0 10 0 
10 0 0 



A 

B 

C 

D 



B 



0 

1 

1 

1 



1 

0 

1 

1 



1 

1 

0 

1 



1 

1 

1 

0 



[3,000,000 3,000,000] 
[2,700,000 3,500,000] 
[2,700,000 3,300,000] 
[2,550,000 3,450,000] 

[2,550,000 3,450,000] 

[2,475,000 3,525,000] 



[I 

[I 



•*1 

.81 



o 
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Suggested Test Items 



1. A dealer sells three kinds of cars. A, B, C in two sales 
offices I, II.- His sales for the month of January are 
shown in matrix P, and those of February are shown in 
matrix Q. The prices of cars are shown in matrix P. 



I 

II 



A 

6 

3 



B C 

3 4 

4 2 




A 

B 

C 



2000 

2500 

3000 



P 



Q 



R 



2 . 



Using matrix operations, showing all work, find: 

a. The total number of each kind of car sold, in each 
office, for both months. 

b. The total number of each car sold, in each office, 
during March, assuming that the March sales are double 
the February sales. 

c. The sales revenue for the January sales in each office. 



The matrix of r#o is 
2 0 

0 2 . 



0 

1 



-1 

0 



and that of dilation Da is 



a. Find the image of (-3*5) under r 90 and also under Da 
using matrix operations. 

b. Find the matrix of the composition of r go followed by Da. 

c. Using matrices, determine whether or not r* 0 oD » * 



Daor eo . 
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Express as a single matrix. 



a) 



O 

ERIC 



3 

-1 

2 




• [2 5 -1] 



In coding a message with matrix 



decoding matrix 
solve and check: 
3x+2y=4 
4x + 3y = 5 



n -2 

is 

L 4 3 



the appropriate 



using this information 



a. 



b. 



3x - 2y ■ -8 
-4x + 3y = 11 

Devise a matrix for each of the following two way bus 
routes depicted below 



b) 





The population of a city at the end of 1968 is 5,000,000 
and that of its suburbs is 3*000,000. Assume that 8o % 
of the city people in any year, remain in the city and 
20 # of them move to the suburbs, while 90 % of the 
suburban population remain in the suburbs and 10 % of 
them move to the city. 

Using matrices , calculate the population in both city and 
suburbs, at the end of 1970. 






^a- 



36 



1. a. 



b. 



c. 



2. a. 



b. 



c. 



3. 



4. a. 



o 

ERIC 




♦(-6,io) 



" 3 “ 




Oi 


\ 


V 


-1 


+ 5 


1 


) . [2 5-1] = 


3 


_2 




2 


J 


UJ 



*• ^ 0 fl D a = D a *r 90 



[2 5 -1] = 



12 


30 


-6 


6 


15 


-3 


28 


70 


-14 


1 


-2 


nn 



-4 



(x,y) = (2,-1) 

•Q<j 
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6 . 



Check: 



3(2) + 2(-l) = 4 
4(2) + 3(-l) = 5 



3 2 
4 3 



■ [1 



(x,y) = (-2,1) 



Check: 



3 (- 2 ) - 2 ( 1 ) = -8 
-4(-2) + 3(1) = 11 









A 


B 


C 






A 


B 


c 


D 






A 


0 


1 


1 




A 


0 


1 


1 


1 


5. 


a. 


B 


1 


0 


2 


b. 


B 


1 


0 


1 


1 






c 


1 


2 


0 




C 


1 


1 


0 


1 
















D 


1 


1 


1 


0 



id li i— 

.8 

i, 000, 000) • 

, „ L 1 



Solution method 1: 

[5,000,000 3, 

[4,300,000 3,700,000). 

[4,300,000 3,700,000) 

[3,810,000 4,190,000). 

Population of city at the end of 1970 is 3,810,000 and the 
population of the suburbs is 4,190,000. 

Solution method 2: 



E 8 .i 

} •; 



[ 5 , 000,000 3 , 000 , 000 ) 



[5,000,000 3,000,000) 

[3, 810,000 4, 190,000) . 




.2 

.9 



3 
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Chapter 2 

LINEAR EQUATIONS AND MATRICES 
Time Estimate: 13 - 15 days 



O 




The main objective of this chapter is to solve systems of 
linear equations by means of tableaus, and operations on tab- 
leaus . 

It is important from the very outset to understand that a 
tableau is not a crutch, in the sense that this term is used 
among teachers to describe a device that helps students to 
overcome a difficulty and is then discarded. The tableau, indeed 
a helpful device, is not discarded. It is used in this chapter 
to answer many questions about solving systems of linear equa- 
tions; it is used again in all subsequent chapters where systems 
of equalities and systems of inequalities are to be solved; it 
is used in the simplex method to solve linear programming prob- 
lems;. it is used again in linear transformations. 

A tableau is an orderly way of writing a system of linear 
equations or inequalities. It reveals simply and quickly the 
coefficients, detached but not entirely removed, of variables, 
and constants. That this is a sensible arrangement follows 
from the fact that solutions of systems operate on the coeffici- 
ents and constants, not on the variables. This and the fact that 
tableaus are easily related to matrices have induced modern 
mathematicians to use them extensively. Another advantage of 
tableaus is that they can be used in computer programs to solve 
a system of hundreds of linear equations in hundreds of vari- 
ables. 40 
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The tableau is a short step from a data table. When a prob- 
lem contains many facts and relations it is advisable to ar- 
range the data in a table. This has been the practice in teaching 
the conventional rate-time-distance problems or age problems, 
to mention only two + T pes. To illustrate with a variation of 
a rate-time-distance problem: Two men start at a point and movt 

in opposite directions, one at the rate of 30 m.p.h., the other 
at 40 m.p.h. After the first travels x hours and the second y 
hours, they are 250 miles apart. If their respective rates had 
been 35 and 45 m.p.h. That distance would have been 285 miles. 

Put in a data table form, this can be recorded as follows: 



DISTANCE 



A 


TIT- 


40 


25t) 


B 


35 


45 


285 



Then the equations are 

30x + 40y = 250 
35x + 45y = 285. 

How simple it is to convert the data table to a tableau 
by writing the variables at the top of columns as follows 



X 


y 


-1 




30 


40 


250 


= 0 


35 


45 


285 


= 0 


student 


has 


learned 


to pivot on an entry in the 



tableau, the method of solution is simple and direct. The 
method is the same for a system of 100 equations In 200 variables, 



ERIC 1 this sense > the tableau, together with the pivotal operation. 
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becomes an operational system. Summarizing, a tableau 
incorporates three basically important features. 

(1) It organizes a complex set of data. 

(2) it is a simple way to write a system of linear 
relations . 

(3) It serves in an operational system to solve 
the system. 



2.1 Linear Combinations of Equations (l^ - 2 days) 



O 

ERLC 

hfliflaffBEraaaa 



In this section we try to clarify the nature of a system 
of linear equations. Such a system is a conjunction of open 
sentences, The conjunction is true if each component is true. 
Hence the solution set of the system is the intersection of the 
solution sets of the component equations. The focus of this 
section is to see how the solution sets of equations are 
affected by the two elementary operations performed on equations. 
In the first of these operations the equation is multiplied by 
a non-zero constant, and the solution set is unaltered. In the 
second operation an equation in a system is replaced by the sum 
of itself and a multiple of another. This leaves the solution 
set of the system unaltered. The second operation is a special 
case of linear combinations, a notion that assumes more and 
more importance in subsequent studies. 

Observe the notation by which a system is represented by 
a capital letter, such as A, and its component equations are 
represented by the letter with subscripts. If system A has 
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three equations they are called A x , A a , A 3 . 

The crucial ideas of this section are found in Theorems 



1. 



2 . 



3. 



. 2. 

Exercise Solutions 


(a) 


lOx + 2y = 6 


(b) 


1 3 

x + ±y 


(c) 


- f * * jy - - 


(a) 


2 o 

x - ^y - -2 


(b) 


- |x + y = +33 


(a) 


3x + 2 y = 0 


(b) 


5x + y = 7 


(c) 


-7y = 21 


(d) 


11 

1 


(e) 


7 V _ 14 
3* " T 


(f) 


7x - l4 



^ « ( a) in 3 

5. (a) m = -2 



* 6 . 



(b) n = -2 

(b) n - 2 



(c) k = 2 



B 



ax + by = c 
a’x + b'y = c' 

* + S* -t 



"i 

A# 



Ox + 



ab' - a'b 



_ ac* - a'c 
y a 



B i ■ 

B. 



O 
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. . b 1 c - be ’ 
x + Oy = 

ab' - a'b 

Ox + y = ££l - 
ab* - a'b 



A g - a'B 



C<J “ & ' Q 

ab 1 - a'T Ba 



4 * 



cLC ' «■, gl 

If alb = a 'h b_ is Ox + Oy = - • This equation has no 

solution if ac ' ^ a'c and is satisfied by all (x, y) if ac' = a'c. 
In the latter case system A is equivalent to one of its 
equations . 

2.3 Pivotal Operations (2^-3 days) 

The aim of these operations is to convert all coefficients 
of a variable into zeros and if possible, one "1" . It is 
iterated as many times as are possible. These operations pro- 
duce a sequence of equivalent systems, whose solution sets are 
the same. If it is possible to reduce a system so that each 
variable has zero coefficients and on "1", then the system 
has a unique solution that is easily read in the "-1" column. 
Otherwise, the system has either no solutions or an infinite 
number of solutions. 

The pivotal operations were first invented by Gauss to 
"diagonalize" a system. In this form all entries below diagonal 
entries are zeros. It was extended by Jordan (a French engineer) 
to obtain zeros above diagonal entries which are hopefully 
all "l"'s. 

We have tried to effect a gradual transition from using 
pivotal operations on equations, written in the classic manner, 
to rows of a tableau. It is important in this transition to stop 
and retrieve equations from tableaus at various stages of the 
Gauss-Jordan reduction, in order that the student acquire the 
conviction that pivotal operations are based in an intelligent 
procedure - not only mechanical. &A 
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In this section we confine ourselves to systems that have 
unique solutions. Others are considered in Section 2.5. 



2.4 Exercise Solutions 




(x, y) = (-2,4) 




(x, y) = (3,1) 



2 . 



4. 



x y -1 





(u, v) = (-3,1*0 




45 
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5 . 



-1 




6 




(x, y) = ( 53 - » ) 



7 . 





(x, y, z) = (2, -J, |) 



8. x y z -1 
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9. 


(x. 


7* 


z) = 


r ll 31 9\ 
It p Tp P 




10. 


(x. 


7> 


z) - 


(1, 0, -1) 




11. 


(x/ 


» X a 


X S) 


- fS il 
*iP IP 


& 


12. 


(x. 


y» 


z) - 


/ 2 3 

V- ip - 




13. 


(x. 


7, 


z) = 


(1, o, 2 ) 




14. 


(x. 


7> 


z, w) 


It 

i- 

-fit 


12 

T’ 



2,5 Solving Si stems of Linear Equations, Continued (i - 2 days) 

Tn this section we consider three types of systems: 

(1) Those that have exactly one solution 

(2) Those that have no solution 

(3) Those that have an infinite number of solutions 

One of the (many) advantages of the Gauss-Jordan form 
(the last stage of the iterated pivotal operations) is that 
it distinguishes at a glance among these three types as follows: 

(1) If every row as a "1" in a different (variable) column, 
all other entries being zero, there is exactly one 
solution. It is found In the "-l" column. 

(2) If the coefficients in a row are all zero, and the constant 
is not, there are no solutions. If the constant is also 
zero, delete that row and work with the others. 

(3) If there are more variable columns than rows (after 
deleting zero rows), and some rows have entries other 

9 than one "1 H and zeros, the system has an infinite number 

ERIC 
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of solutions. The variables whose columns contain the 
non-zer js other than the "1", serve as parameter of 
the infinite solution set. 

We have written solution sets in two ways. For instance 
the sets in Example 5 are 

((x,y*z): x = -2s+3t+5j y = s, z = t, and s,t€R} 

or ((-2s + 3t + 5# s # t): s, t € R) . 

If you wish to write the solutions (not as yet) it may be 
done as follows: (x, y, z) - (-2s + 3t + 5* s, t). 



2.6 Exercise Solutions 

y -1. 

1 . 




no solution. 



2 




{(x,y): (1 + |t, t) t 6 R.) 



or 



t(i + t) ) . 




- 47 - 



3 . 



X 


y 


z 


-1 


X 


y 


i 


-i 


0 


2 


1 


1 


4. 


0 


i 


-2 


i 


2 


1 


0 


3 




2 


-l 


l 


i 
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2.7 Homogeneous Linear Equations (1 day) 

There are no new techniques introduced in this section. 

We devote a section to homogeneous linear equations because 
of their theoretic importance in subsequent studies. This 
becomes evident in differential equations (especially partial 
differential equations) vector subspaces (Chapter 8 Course III) 
are kernels of linear transformations (Course IV) . 

Of particular interest here is the fact that all systems 
of linear homogeneous equations have at least the solution 
(Xj, x 3 , . .., x n ) = (0, 0, . .., 0), Also, as system of m 
equations in n variables, m < n, has an infinite solution set. 
The Gauss-Jordan form helps to explain why this is so. 

2 .8 Exercise Solutions 



1. (x, y) = (0, 0) 

2. (x, y) = (0, 0) 



3. (x, y) = (-3t, 2t) t any real 

4. (x, y) = (0, 0) 




x y 



x y 



X y 



a b 



is reducible to 




or 




c d 



ad - be 



0 a 



0 0 



x = - ~ t , y = t . t any real 

cl 




6. (x, y, z) = (0, 0, 0)» 

7. (x t , x 8 , x a ) = (-4t, 3t, t) t any real 



ro 



A 
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8. (x, y, z) - (3t, 2t, -5t) t any real 

9. (a, b, c) = (t, t, -t) t any real 

10. (x x , x 3 , Xj) « (0, 0, 0) 

11. (x 1# x a , x 3 , x 4 ) = (2t, 3t, -4t, -t) t any real. 

(Note: Infinite solution sets may be designated in other ways.) 

12. The given system is equivalent to a system of two equations 
in three variables. Bt Gauss-Jordan reduction this leads 
to a form in which at most two columns have l's. Thus one 
or two variables can be expressed in terms of the remaining 
variables. Hence an infinite number of solutions. 

2.9 Matrix Multiplication Derived from Linear Equations in 
Matrix Notation (l day) 

We don't actually derive the definition of multiplication 
from a system of linear equations. We show that if we accept 
that definition the matrix notation for a system is equivalent 
to that system. This is further strengthened by showing how one 
matrix .equation can represent a set of systems, having the same 
coefficient matrix. 

The definition of matrix multiplication was discovered by 
Cayley, when he investigated the resultant of two linear trans- 
formations. We repeat his experience for simple transformations. 
Suppose under Transformation T x 



x 1 = a lx x + a ia y 
y 1 = a 3i x + a aa y 





3 
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and under Transformation T- 



X* 1 


= b u x x 


+ ^xay 1 


[M a = 


%1 


*13 


y 11 


= *ai xl 


+ bggy 1 1 


\ 


>1 


*83 


Then under T a 


<5 Tj 











\ 



x 11 = + a la y) + b^a^x + a aa y) 

y 11 = b al (a lx x + a ia y) + b aa (a 81 x + a aa y) 
x is = (b u a u + b ia a ai )x + (b xl a la + b ia a a8 )y 
y 11 = (b al an + b a8 a al )x + (b 81 a la + b a8 a 88 )y 
This result is given by 



M» • M x 



*n a n + *ia a 3i 



*ai a ii + *ai a ia 



^11 a i 3 *1 a a 88 



*3 1 a i 3 *3a a aa 



2.10 Exercise Solutions 
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= [c b] 
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2.11 Matrix Inversion (1^-2 days) 

In Section 2.9 we used matrix notation to shed some light 
on systems of linear equations. In this section there is a 
reversal of point of view. We use a system of linear equation 
to solve an important problem about matrices. From our 
experiences with groups and fields, we know how important is 
the notion of inverses, both additive and multiplicative. 

Every matrix has an additive inverse. But every matrix does 
not have a multiplicative inverse. This perhaps unexpected 
fact is clarified with the aid of what we have learned about 
solving systems of linear equation. 

Students should know that our concern here is only with 
square matrices. Others do not have inverses, for we cannot 
multiply two m x n matrices if m / n, 



2.12 Exercises Solutions 



1 . 
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_3 
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0 


.1 



reduces to 




The inverse of 


'8 


12 


is 




-3 
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5 




3 

Its 


2 



2 . 




CM 

00 


1 0 




1 0 


. 1 -1 






reduces to 






7 2 


0 1 




0 1 


4 4 J 






[8 2] 


" 1 -1 




The inverse of 


is 










1-7 2J 


4 4 
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3. 




-4" 

1. 



has no inverse. 



4. No inverse. 



5. 



7. 




L° 



o 




9 . No inverse 




11 . No inverse 




-1 0 1 0 J 

L. 

1 2 - 2 ' 



13. (a) 



X = 



-1 



0 



3 o 

-2 1 . 




(b) 



1 2 

-1 3 

0 -2 





0 

1 

0 



0 

0 

1 



roM 



2.13 Word Problems (2 - 2^. days) 



The aim of this section is to relate the solving of 
equations to problems that do not present themselves in the 
form of equations. It is assumed that students have already 
had some word problem experiences in earlier grades. We want 
here to extend these experiences to include systems of linear 
equations . 

Many students find it difficult to solve word problems. 
Part of this difficulty arises often from their failure to 
appreciate the importance of finding and translating a word 
sentence into a mathematical sentence. Sometimes this is duj 
to the fact that word sentences are implicit in the situation 
described in a problem. Often their search for that implicit 
sentence is a feeble one. Their efficiency can be much 
improved if they are (a) made aware that they are looking for 
a word sentence which expresses a number relation, and (b) 
willing to read the same sentence several times until they 
get an exact understanding of the number relation in the 
situation. 

Some teachers believe that group word problems as types 
(coin, mixture, motion, etc.) does not bring home the main 
point that an equation or inequality corresponds to a word 
statement. Others believe it is easier to make this point 
only after students have had some experiences with a graded 
sequence of types of problems. We take no position on this 



lupfl+.l nn 
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to search out the word statement that it is to be translated 
into mathematical symbols. 

There are many situations we have not included in the 
exercises, feeling that doing so would make an already long 
chapter still longer. However, if you think you can make room 
for it we suggest that you compose problems that result in 
two equations in three unknowns, and svw\e that result in three 
equations in two unknowns. You can still use situations 
like those we have described in our exercises, which involve 
stamps, coins, mixtures, gate receipts, etc. 

The student is cautioned to check answers with the 
conditions as stated in the problem, not as described in 
equations or in equalities. Correct solutions of wrong equations 
will satisfy them, but not the conditions of the problem. 



?.l4 Exercise Solutions 



1. Let x be the number of single desks and y the number of 
double desks. 

x + y = 36 

x + 2y = 4? (x, y) - (30, 6) 

2. Let x be the number of 4 cent stamps and y the number of 
6 cent stamps. 

x + y = 15 

4x + 6y - 72 (x, y) =-• (9, 6) 
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3. Let x be the number of 4 cent stamps, y the number of 5 
cent stamps, and z the number of 6 cent stamps. 

x + y + z= 21 
4x + 5y + 6z = 106 

4x + 6y + 7z — 120 (x, y, z) — (7, 6, 8) 

4. Let x be the number of the 70 cent coffee, y the number 
of 8o cent coffee. 

x + y - 20 

70x + 8oy - 76-20 (x, y) - (8, 12) 

5. Let x be the number of dimes and y the number of quarters. 
lOx + 25 y = 295 

25x + lOy = 265 (x, y) = (7, 9) 

6. Let n be the number of nickels, d the number of dimes, q 

the number of quarters. 

9 

n + d + q - 13 

5n + lOd + 25q = 240 

5d + lOq + 25n = 145 (n, d, q) = (2, 3, 8) 



7. Let x be the number of junior members and y the number 
of all others. 



x + y ■= 28 



8 . 



9. 




25x + 35y = 870 (x, y) ^ (11, 17) 

Let x x be the number of A toys and x a the number of B toys. 
4x x + 6x a =260 
8x x + 5 x 8 =310 

6x x + 3 x 9 = 210 (xj , x t ) = (20, 30 ) 

- 2 a + 3 b = 7 

'*» + 5 b = 7 (a, b) = (-X, | 1 ) 

F4 
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10. a + 2b - 3c = 12 
a - 3b + ?c = 12 

3o + b - 2c 12 (a, b, c) = (0, -12, -12). 

11. Let x be the number of men employed at 12 dollars, y the 

number at 15 dollars, and z the number at 20 dollars, per 
day. 

x + y 4 z = 12 

15X 4- l8y 4- 20z = 219 

20x 4- l8y 4- 15 z = 204 (x, y, z) = (3, 3, 6) 

12. Let m be the number of men, -w, the number of women. 

m = 2w 

m - 5 = w 4- 5 (m, w) = (2o, 10) 

13. Let m be the number of men; w the number of women; c the 

number of children 

m 4- w 4- c = 46 
m - 2 4 - w = c 

w - (m - 2) = c - 12 (m, w, c) = (8, l6, 22) 

14 4x - y 4- 2 = 0 
2x 4- y - 3 = 0 

3x - y 4- 1 * 0 No solution. The ninny had no numbers 

in mind. 

15. Let the men’s age be m, the women's w, the sons' s. 
m 4- w 4- s = 64 
1 + 6 = 3(s + 6) 

w - 4 - 12(s - 4) (m, w, s) = (30, 28, 6). 








16 
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. Let the cost of first type be x; second type third 
type z . 

x + y + z = 16 

15,000x + 20, OOOy + 25, 000 z = 295,000 
x = y + z (x, y, z) = (8, 5, 3) 

17. x + y + z = 16 

4x + 6y + 8z = 108 

2x + 2y + 2z = 46 No solution. This implies 

contradictory data. If x + y + z = 16, 
then 2x + 2y + 2z cannot equal 46. 



2.l6 Review Exercises Solutions (l day) 



1. 
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2 5 
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(x,y,z) = (5i- 2 il) 
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3. 

4, 
5- 



9. 



11 , 



12 . 
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(x, y, z) = (- p Tp Tf ) 

(x, y) = (1, -1) 

(x, y, z) ■ (- j - t, t, | - |t) t € R 

(There are other possible ways of writing these solutions.) 

(x, y) = (|- - jt, t) (or other ways of writing these 

solutions) . 
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X 1 


*8 


x 3 “ 




--2 


1 0- 


_yi 


y 8 


y 3 _ 




. 5 


2 0. 



(Xt>.y t ) = (- 2 , 5 ), (x a , y a ) = ( 1 , 2), (x 3 , y 3 ) = ( 0 , o) . 

13 . The last equation is a linear combination of the other 
two, in fact their sum. Therefore the system consisting 
of the first two has the same solution set as the system 
consisting of the three. A system of two equations in 
three variables has an infinite number of solutions. 

14. a + b + c = 0 

4a + 2b + c = 5 (a, b, c) = jjp -2) 

9a + 3b + c = 13 

15. Let x be the number of packages of the firsr kind; jr 
of the second kind. 

4x + 3y = 38 

3x + 5y = 45 (x, y) = (5, 6 ) 

16. Let x be the number of elementary school students, y the 
number of high school students, z the number of college 
students . 

x + y + z = 100 

25 + 50y + lOOz = 6375 

25 x + 35y + 75y = 4850 (x, y, z) = (75, 25 , 4o) . 

An Interesting Application of Linearity 

The following problem appears in Davis' The Mathematics 
of Matrices (p. 251). it might serve as the subject of an 

ERIC 



- 62 - 



interesting report or class discussion. It helps to explain 
the meaning of linearity as applied to a mechanical device. 
The essential mechnical principle is that a (movement) change 
in x (or y) is accompanied by a change of k^x in the attached 
arm, and that changes in iqx and kgy of the left arms in the 
box produce a change cf kjX + l^y in the output. 




0 

U 

T 

P 

U 

T 



Figure A 

Figure A depicts a "black box" device. Values of x and 
y (INPUT) are fed into the box and a result, w (OUTPUT), comes 
out. In this black box input values of x and y are determined 
by adjusting (pulling out or pushing in) the two levers x and 
y. The result can be read from the w (output) indicator. 

erjc r. 
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The question is whether this device is linear — is ihe input 
(x, y) related to the output, w, by a linear relationship; 

(x, y) > w = ax + by? 

For example, if we had: 

INPUT OUTPUT 

( 1 , 1 ) > 0 

(3.1) > 2 

( 2 , 6 ) > -4 

(6.2) — > 4 

you would suspect that you could write 
(x,y) > w = x - y 

(x,y) > w = lx + -ly. Hence this input is 

related linearly to the output . 

Determine whether the "black box" in Figure A is a linear 
device . 

Suggested Test Items and Answers 

1. Using pivotal operations on a tableau solve each of the 
following systems. Use set notation to express infinite 
solution set. 

Answer (x, y) = (3, -2) 
Answer (x, y, z) = (-2, 3, l) 



(a) 

(b) 



(3x + 2y = 5 

L5x + 4y = 7 
X + 2y - z = 3 
;x + 3y - 2z = 5 
2x - y + z = -6 



o 
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(c) 



(d) 



X + 2y = 3 

x + 3y = 5 
2x - y = 6 
x - 2y + z = 0 
2 - y - z = 0 
3x + y - 2z = 0 



Answer: no solution 



(e) x x + x a - 2x s = 8 
2x x - x s + 3x s = 3 
3x x + x 9 = 11 
Answer: {(x 1 ,x 8 ,x s ): ^ 



13 

T 



I 1 



+ At, 



t, t € R). 



2 . 



3. 



4. 




Find the inverse, if any, of 



-1 



0 



0 -1 

1 0 

-1 1 



Answer: no inverse. 

A dealer packages pens and pencils in only two ways. In 
one kind of package he puts 3 pens and 6 pencils. In the 
other he puts 5 pens and 2 pencils. Investigate whether 
or not it is possible to buy some packages of each kind to 
obtain a total of 50 pens and 50 pencils. 

Answer: If x and y represent numbers of packages 

(x, y) = (Tp Impossible. 

Buying 6 and 10 cent stamps, altogether 20 of them, I 
paid $1.48. How many of each did I buy? 

Answer: 13 6^ stamps and 7 10^ stamps. 
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Chapter 3 



THE ALGEBRA OF MATRICES 



Time Estimate: 13 - 15 Says 



Below is a highly tentative schedule for covering Chapter 
3. The first lessons may go much more quickly than here 
indicated - the latter ones may take more time. Depending on 
how Chapters 1 and 2 will have gone - the time limit on this 
chapter might be 2-4 weeks. 

The suggested homework assignments for the first few 
lessons are proposed even more tentatively and hesitatingly 

than the lesson sequence. They are intended to hint at a 

*■ 

spiral approach to the work - and at a stretching out of the 
problem materials beyond the time of the first considerations 
of a topic. In all instances, the simple and concrete exercises 
should be given first - the theoretical ones, the proofs - 
several days after the topic was first discussed. 



Lesson 



Homework 



1. General Motivation 
Review occurence of 



matrices 

Symbolism 

Equality 



3.2 - 1, 3a, 4 
Some problems from 
Chapters 1 and 2 



2. Addition of Matrices 
Subtraction 



2 

Some problems from 
Chapters 1 and 2 




3. Review equality, add, 
subtract 

Go over homework problems 



3.4 - lb, 6b, 4a 



Some problems from 
Chapters 1 and 2 
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4. Multiplication by a 
scalar 

5 , Continue with scalar 
multiplication 

6 o Multiplication of 
matrices 

Review Chapters 1 and 2 
Theorems 6 and 7 

7. Multiplication of 
matrices 
Theorem 8 

8 0 Review Sections 3. 1-3.?’ 

9. Multiplicative inverses 

10. Multiplicative inverses 
Solution of equations 
Review Chapter 2 

11. Complete Multiplicative 
Inverses 

12. Ring of 2 X 2 Matrices 
Definition of Ring 
Varieties of Rings 
Fields 

13 . Various types of rings 
Review homework problems 

14. A field of 2 X 2 Matrices 

15. Review Rings and Fields 

16. General Review 

17 . Chapter Test 



3.4 - lc, 4b, 6 , c 
3.6 - la, ej 2 a, 4, 5 a 

3.4 - Id, 3, 6 d 

3.6 - lb, 85 2 b, 3 a, 5 b 

3.8 - selection 

Pick up from 3.4, 3.6 
Some from Chapters 1, 2 



Introduction 



The primary aim of this chapter is to examine sets of 
matrices from a structural point of view. We want the students 
to examine the algebra of matrices as operational systems. 

They should attempt to determine which of the properties they 
have previously studied apply to matrices. This search for 
structural properties is not purely an academic exercise. A 
Knowledge of these properties is the background against which 
we judge whether or not a problem involving matrices can be 
solved, and if so, how we might approach the solution. 

In this search for group properties we shall find that 
a set of matrices having the same dimensions is an additive 
group, but a set of matrices that can be multiplied does not 
constitute a multiplicative group, even with the deletion of 
the additive identity. We shall find that a set of square 
matrices forms an operational system under multiplication, but 
not a group, resembling (Z 4 ,«) in this respect. But we shall 
find that a set of invertible ( square) matrices of the same 
order, with the additive identity deleted, does form a multi- 
plicative group. 

After we study matrix addition and scalar multiplication we 
could introduce the very important concept of a vector space . 
However we have chosen to defer that study until it again arises 
naturally (and is it did in fact, historically) in connection 

with our study of vector geometry. At that point we will utilize 
certain subsets of matrices as additional illustrations of 

vector spaces. In this chapter subsets of 2 x 2 matrices serve 

£“■3 illustrations of rings and fields. In 3.11 the ring of 

IC 

hsz x 2 matrices is discussed. The ring structure will also appear 
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in Course III* Section 7.7 when polynomials are discussed. In 
3.13 the field of special 2x2 matrices is examined. 

We have stressed matrices whose elements are real numbers. 
Another use for matrices is their relation to transformations 
which were described in terms of reals. However, the elements 
of matrices need not be real numbers, and it is advisable to 
give students some experiences with other fields, for instance, 
matrices whose elements are those of Z a . Of course we should 
then add and multiply the elements of these matrices in 
accordance with the operation definitions r-f (Z 3 ,+, •). You may 
recall that we used matrices to describe bus routes among some 
towns, in which we used only whole numbers, another example 
where matrices did not use reals. 
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This chapter is heavily theoretical but, since it only 
formalizes the intuitive and notational uses of matrices from 
Chapters 1 and 2, it is easy to restate and summarize the theory 
rather quickly. However, you are urged to strike a balance 
between spending enough time on the theory to have its signifi- 
cance sink in - and spending too much time on theory. Do not 
wait until all the problems in any section have been done before 
you go on to the next section. Always save a few problems in 
any section for future uses in a good spiral review as you 
get into sections ahead. In fact - you should have problems 
left over from Chapters 1 and 2 to incorporate in the assignments 
of this chapter. 

3.1 The World of Matrices (l day) 

The purpose of chis section is stated in the students' 
text. We simply give a formal definition of an operation that 
has been performed and was motivated by real interpretations 
before. If the subscript notation gives difficulties - make up 
idditional oral problems of the sort given in Examples 1 and 2 
in Section 3.2. 

The equality of matrices is defined - and the fact that it 
is an equivalence relation is left as an exercise. 

Exercise 5 in Section 3.2 prepares the way for a formal 
definition in Section 3.3. 
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3.2 Exercise Solutions 



1. a) 4 X 5 

b) 5, 4, -7, -1, -1 

c) 1 - 1 , J - 5 
1 = 2, J = 5 
1 = 4, J « 2 
1 - 4 , j - 5 

2. a xl = 3*1 - 2«1 + 2 = 3 



3 . 



a 



91 



n a 



a is 



3*1 - 2.2 + 2 = 1 
3.1 - 2*3 + 2 - -1 



*9 9 



a 



93 



3*2 » 2*1 + 2 a * 6 

3.2 - 2.2 + 2 = 4 
3*2 - 2.3 + 2 = 2 



a ll 


a l 9 


aiJl 


a 91 


a 9 9 


a a J 



[ 311 
6 4 2 



a) x + 3 ■ 
2 - y = 

b) X a a 1 
X a -1 
X a -1 



1 X » -2 

3 y = -1 

y a -1 
y a a 1 

y » -1 ( X, y) a ( - 1 , -1) 

5. a) By definition two matrices are equal iff they have 
the same dimension and corresponding entries are 
equal. Since, for all A, a a^, then A a A. 
b) If A a B, then a^ a bjj, for all i, J. By the 
symmetry property for real numbers, if a^ a b^. 



then b 






a^. Hence B a A. 



O 
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4 . 



c) If A b B and B « C, then = b^ and b u"< 
for all i, J. By the transitive property for 
real numbers, a^ = b^j « c^j. Hence A ** C. 



'U 



110 
111 
1-11 
2 0 1 



3.3 Addition of Matrices (1 



I 5 days) 



Students should be made aware of the fact that addition of 
matrices is defined only for matrices that have the same dimen- 
sions, and that addition of corresponding elements is performed 
as defined in the system from which the elements are taken. 
Thus, for instance, 2 + 1 = 0 if the elements of the matrix are 
taken from Z 3 . Some books describe matrices that can be added 
as "conformable for addition" or "addition conformable". We 
have not used these terms in the text, but your students may 
find them convenient in their discussions. 

The highlight of this section is the theorem that (M,+) is 
a group, where M is a set of matrices having the same dimen- 
sions. This is one of the properties of a vector space. The 
additive inverse group property makes possible the inverse 
operation of subtraction. 

Equality between two matrices was defined only for two 
matrices that have the same dimensions. This implies that for 
entry in one matrix there is an equal corresponding entry 
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in the other. This equality relation is an equivalence relation, 
and hence any member of a set of equal matrices may be used to 
name the set. 

The notion of equality between matrices makes possible 
writing as many scalar equations as there are entries in each 
matrix. This lies behind a number of exercises in the section 
that follows. 



3.4 Exercise Solutions 
3 4 3 
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1. a) 

c) 



2. a) 



3 

a 

d 

"1 



0 

b 

e 



b) Cannot be added 

d) 



b) Cannot be subtracted 



-1 0 
-10 2 

3. a) By definition (-A) is the matrix such that A + (-A) 

> J, Thus ( -A) has elements -a^j. 

Since a^ » -(-a^) it follows that A « -(-A). 

b) By (a), -(A + B) has elements -a^. -b^ » (-a^) + 

-(A + B) » (-A) + ( -B) . 

c) -7? - 75 since TT + (-tf) . 77. 

4. a) a . 2 » 3, 2b + 1 » -5, a + 3 » c, 16 b 3d - 2 

.v a ■» 5, b « -3, c « 8, d » 6 

b) 3a » 15, 10 « 2b, 2a + c a 10, 2b - d = 0. 

a b 5, b b 5, c b o, d » 10 

74 



• • 
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a) 

b) 

c) 

d) 



Since a. . + b, . 
id iJ 



b^j + a^j, A + B » B + A, 



Since (ay + by) + Cy = ay + (by + Cy), 

(A + B) + C « A + (B + C). 



Since + 0 
if b^ = 



0 + a 



id 



a^j, A+TJ*U + A«*A, 



then a. . + b . . 
ij id 



0, and 

A + B = B+ AeU, (The uniqueness of B follows 



b id + a id 



from the uniqueness of b^). 





2 10 




1 „ “ 


6. a) 


J 2T 


b) 


5" 2 0 




3 14 




^ 10 0 




J w 




~3 0 



c) 



a + 1 
d 
g 



b c 

e + 1 f 
h + 1 i + 1 



r* 

d) [4a + b 




3.5 Multiplication of a Matrix by a, Scalar (1-2 days) 



Note in the definition of k * A, where k is a scalar and A 
is a matrix, k is always written first. Perhaps your students 
will ask whether A • k means the same as k . A. This is a 
natural question since we have been interested on many occasions 
whether multiplication over a set of numbers is commutative. 

In some books k • A and A * k are defined to be equal. However 
we prefer to talk only about k * A for a reason that may elude, 
and perhaps confuse them. We therefore leave it for you to 
decide whether or not to answer the question. If you decide 
to answer the explanation might be offered as follows; 

We must first recognize that k and A are members of 




75 



- 74 - 



different sets. In this respect alone we note immediately that 
we do not have multiplication in the ordinary sense. Then we 
must recognize that k • A is never a scalar; it is always a 
matrix. The two observations should convince us that we do not 
have an operation in the sense that multiplication over the set 
of reals is an operation. It is unfortunate then that we use 
the term "multiplication" in the title of this section. 

Operations over the set of reals - in which pairs of 
numbers are mapped onto the set of reals are what are sometimes 
called "internal operations" (Bourbaki), Multiplication of a 
matrix by a scalar is an example of an "external" operation. 

However we do recognize that an assignment is made to 
every ordered pair consisting of a scalar and a matrix. The 
notion of an assignment belongs to a mapping also. And we 
actually have here a mapping, whose domain and range is a set 
of matrices. To follow through on this analysis we call k the 
mapping and the rule of the mapping is to multiply each number 
of the matrix by the number k. Hence k is used to mean both a 
mapping and the number used in the rule of the mapping. This 
explains why we do not write A • k, for our notation calls for 
writing mapping first, then the object to be mapped. It also 
explains why the word multiplication is used. It is hoped that 
the two meanings given to k in k • A will be clearly differen- 
tiated. 

It is in this connection that we say "closure makes no 
sense" here. Not too much should be made of this because by 
virtue of our definitions we still have a sort extension on 
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the notion of closure. We insist that R • A must be in the set 
of matrices. 

Incidentally, if is a set of matrices having the same 
dimensions and A is a fixed member of tf?, then {k .A, k € R) is 
a module, for it is a subset of an additive group, and is itself 
an additive group. 

3.6 Exercise Solutions 

Note : Exercises that have a number of parts, as 1, 2, 3> 5 

should not be assigned all at once at any one time. Use them 
sparingly - assign two or three at a given time and save the 
other parts for review aspects later on - possibly even in 
future chapters. 
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b) A + B - C - 



-1 

1 

1 



1 

0 

o 



c) A - (B + C) » 



-1 

-1 

1 



-1 

0 

0 



1 

0 

-2 





0 0 2 




0 3 0 




"5 o U 


d) 2A + 3B + 4C - 


0 2 0 


+ 


3 0 0 


+ 


o 

o 




2 0 _0 




lo 

o 

Su> 




0 0 4 



e) 3(A - B> + 2C 

4. a) 



3 2 

6 0 

0 1 
"b -3 

-3 3 

3 0-3 



0 

2 

0 



2 

-3 

3 



-3 

5 

0 



3 

0 

1 



to) 



3 

0 



-2 

2 



1 

0 



+ 2 




J2fi_ 



77 - 




5 . 



6 




1 

0 




79 



kA + IA, 
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b) (kA)(ay) - k(Aay). Therefore (kA)A = k(Aa). 

c) If k o u, k(a^) - 0. a kA - XT. 

If A = 0, a^ «■ 0, and k(ay) *= 0. .'.kA = IT. 

If kA » TJ then for all i,jj k»ay * 0. 

Then in turn if k « 0 or ay » 0, If ay ® 0 then 
A » TS. 

d) For all i,Jj l»ay - ay. .\1A =* A. 

e) kA » kB implies kay = kby„ Since k 4 0, ay = 

by. Hence A ■» B, 

7. Since k € R, -k € R. For each matrix in {kA} there is 
a matrix -kA, Since kA + (-k)A ■= (-h)A + hA » -kA 
is the additive inverse of kA. 

8. a) Z 3 » {0, 1, 2}. Hence each entry can be one of 

three numbers. The total number matrices in P is 
therefore 3 * 3 * 3 # 3 * 81, 
b) (P,+) is a graph for 

(i) The sum of any two matrices in P is in P since 
Z a is a group under addition. 

(ii) For any three matrices in P, A + {B + C) ■ 

(A + B) + C, since addition in Z s is associa- 



te 
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tive. 

(iii) The matrix 



0 

0 



is the additive identity. 



( iv) For each matrix in P there is an additive 
inverse since for each number in Z 3 there 
is an additive inverse. For instance, the 



additive inverse of 



0 ll To -T| 

ty -1 



- 79 ~ 



c) CA 



P “I, M -P 

[o o| L° 



2A 



*1 T 



The set {kA} is a group. 
The table 



+ 


OA 


1A 


2k 


OA 


OA 


1A 


2k 


1A 


1A 


2k 


OA 


2A 


2A 


OA 


Ik 



can be used to facilitate the presentation of the proof. 



d) OB 



IB 



E 3- 



2B 



2 

2 



{kB} is a group under addition. A Cayley table 
(as in c)) facilitates the presentation of the 
proof. 

0 0 

{kA} n {kB} - 

0 0 ] 

e) If C, 0, E are the given matrices, then the table 





E 


D 


C 


E 


E 


D 


C 


D 


D 


0 


E 


C 


C 


E 


D 



is the group table. 



f) X + 



C 3 



2 X + 



2X + 



E 3)- ■ 
■E 3. 
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81 



9. Let A 



. Then {OA, 1A, 2 A, 3A} do form a 



1 1 

2 3 

group under addition. 

2 2 

2 2 

is also a group. The answer is: yes. 



Let A 



. Then {OA, 1A) form a group. 



0 0 
0 0 



3.7 Multiplication of Matrices (l^ - 2 days) 

In this section we formalize the definition of the multi- 
plication of matrices. If your students hav^ difficulty - in 
the first stages - with the procedure "multiply row by column" 
you might try a pictorial device that Papy uses in his Modern 
Mathematics 6 Chapter 6. With the use of colors he shows: 



red 

blue 




red 



£ 

H 



H 

s 



blue 

H 
H 

8 



This can also be shown by: 



r i 



T] 



It will help your students if they understand clearly that 
two matrices can be multiplied only if the first matrix has as 
O many columns as the second has rows, and that the product has 
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as many rows as the first and as many columns as the seconc. 

They may find the following mnemonic helpful, 

[1, J] • U, k] » [i, k]. 

Note, in passing, that if the order of the matrices indicated 
in this mnemonic is reversed, we no longer have the required 
condition satisfied. It becomes immediately apparent that it 
is idle to ask whether the multiplication of matrices is 
commutative, because we do not even have a product in the second 
case. 

However, if 1 » j ® k, that is, if the two matrices are 
square matrices of the same order, then a reversal of order 
results in a possible multiplication. Hence, for square 
matrices of the same order, the question of commutativity of 
multiplication is a meaningful one. 

Since multiplicative inverses are defined A*B = B«A » I, 
the question of the invertlbility of a matrix applies only to 
square matrices, and I, the unit matrix, is necessarily a 
square matrix. 

Moreover, when we investigate whether a set of matrices is 
a multiplicative group we need concern ourselves with a set of 
square matrices having the same order. Limited to such sets 
multiplication is indeed an operation since the product of any 
two of Its members is a member of the set since the product 
has the same order as that of its factors. 

Most of our attention in this section is devoted to fl? 9 , 
the set of matrices of order 2. We see that n °t a 

not all its members have multiplicative Inverses. 

83 - • 
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In this respect resembles ( Z e , • ) > in which neither 2 nor 

3 have inverses since there is no number in Z e for which 2x = 1 
or for which 3x = 1. But (tffe,*) like (Z a ,») enjoys the 
associative property, and they differ in that • is not commuta- 
tive in * is commutative in (Z 6 ,«), However the set 

of invertible matrices in do form a (non-commutative) 
multiplicative group, as we see in Section 3.11> Theorem 14. 



3.8 Exercise Solution 

lo 



1. a) AB *» 



b) AC »* 



c) BC «* 



d) BA 



e) CA 



f) CB 



|1 

[5 

l 



31 

a-c 





-H 

-11 11 
oj [o 

K 

1-C 



2. AB * -BA; AC « -CA; BC » -CB. For any two matrices D 
and E in M a it is not true that DE - -ED. For instance 

n 



O 

ERLC 




5 3 

I but 
2J [4 

[To -3 
1-2 71 



M il p 7*1 

» l) [4 loj 



QA 
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or A 



A-(A-A) 

= (A 



-P ^I.P i . F 

i j y y lI u 

- ■[“ 1H ]-E 



-26 
18 

-26 27 



18 

4. If there is a multiplicative inverse let it be 



H 

II 



Then 



[ a aj fx y| fax + az ay + awl IT o] 

b bj [£ vy |_bx + bz by + bvj [o lj 



3- 



az ay 
bz by 

( 1 ) ax -r az = 1 (2) ay + aw * 0 

(3) bx + bz a O (4) by + bw » 1 

From (1) and (3), a(x + z) = 1 and o(x + z) =0. Since 
x + z ^ 0, then b * 0. But (4) says that b(y + w) *» 1, 

a "e 
b b 



has no multiplicative 



Hence b ^ 0. Therefore, 
inverse. 

5. a) true b) false (AC 4 CA) c) false d) false 



6. a) EF 



FE 



Fac - 

(-bo - 

Fac - 
|-ad - 



- bd 
ad 

- bd 
be 



7. a) 
b) 



a b e d 

; b aj j-d cj 

‘c dl Ta b| 

L-d cj * 1-b aj 

EF » FE. 

b) In g « E*F, g xl - g aa and g la - -g al . 

ja 0 

c) When b ™ 0, E»F * 

2 



ad + be 
-bd + ac 
be + ad 
-bd + ac 



0 

2j 

A 8 - 2A 



l9 



r 

o 



2 

o 



aF. 



-% ] 

- M - -(D 3-E 3) -*6 



V*. 



- 3 



o 

ERLC 






F 1- 

L ° a 



-2 

0 



5 

6 



1-P % 

3 (o oj 
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c) 



A 8 - 2A + 2I a - 




8 . 







.% (A + B)( A + B) 4 A* + 2AB + B*. 



86 
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c) In using the distributive property in the set of 
reals (a + b)(a - b) = (a + b)a - (a + b)b * 

a 3 + ba - ab - b 8 , this last expression is a 8 - b 8 

if ba - ab =* 0. That is, if ba = ab. This is 

true. (a + b)(a - b) a a 3 - b 8 „ However, the 
multiplication over the set of matrices is not 
commutative. We cannot assert BA = -BA. Hence 
(A + B)(A - B) / A 8 - B 3 . 

d) (a + b)(a + b) = a 8 + ab + ba + b®. ab + ba * 2ab 

if ab = ba. This is true for real numbers--not for 

matrices. Hence, if a, b are reals, (a + b) 8 * 

a 3 + 2ab + b 3 . But if A and B are matrices, (A + B) 8 



9 . 
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ji A® + 2AB + B 8 . 

0 0 

1 0 

satisfies X 3 a TT 8 . To find another matrix that 



0 ol |o ol 

• = I = ^3 . 

1 OJ [0 o] 



Hence A 



satisfies X 3 » TJ a , let X » 



p y] lx yl [o 

[z wj*[z J |o 



p 7 . 

[z w 



Then 



or 



If x + w £ 0, y » 0, z = 0, w » 0. X a 



(1) x 8 + yz a 0 (2) xy + yw a 0 

( 3 ) xz + zw a 0 ( 4 ) yz + w 8 = 0. 

Prom (2), y(x + w) «.0J from ( 3 ), z(x + w) « 0. 

0 0 
0 0 

If x + w a o, then values of x, y, and z that satisfy 
x a + yz a o will give suitable values. For instance, 

87 
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10 . 



If y a -9, 2 = 4, then x = 6 (or -6), and w 
(or 6). Thus, 








0 



0 






-6 



There certainly are at least 

given matrixl 

Yes, there are others. 

In fact if x / 0, then 




four square roots for the 



0 

1 



We have Just examined the equation 
XI - I, - 3* 
which is equivalent to 
X| - I, 

and we have found that it has an infinite set for a 
solution set. 
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Li. 9 Multiplicative Inverses in (yl - p days) 



Having discovered that not all matrices in have inverses, 
the question naturally arises: How can one determine whether or 
not a given matrix is invertible? The answer is obtained in an 

1 0 



attempt to solve 



is 

a 

c 



a b 

c d 

b 
d 



and 




, where the given 

0 1 } 

is a matrix that is the inverse of 



, if there is one. In the course of seeking a solution 



of the four associated scalar equations, we find that a unique 
solution exists if and only if ad - be / 0. This gives the 
expression ad - be an importance, sufficient to give it a 
special representation. We use h as that representation, in 
accordance with some usage. Of course, h is the determinant 
of a 2 X 2 matrix. We refrain from using the term "determinant," 
for we do not want to give beginners the impression that only 
55V a matrices have determinants, and we do not want to face 
questions about determinants in general in an already full 
chapter. 

Inverses are used extensively in this section to solve pairs 
of linear equations in two unknowns. Of course there are the 
classical methods to which our students have already been 
introduced, and they may be more comfortable with familiar 
methods. Nevertheless they should be encouraged to learn how 



to use 



the Inverse of the coefficient matrix for two reasons. 
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First, they are building the notion of a matrix equation at 
least in the simple form AX = B, where A is the coefficient 
matrix (not necessarily a 2 X 2 matrix), X =|^J and B . 
Second, they review the method introduced in Chapter 2 that can 
easily be programmed for electronic computers that solves a 
system of n linear equations in m unknowns, if a solution 
exists. This arises in many operation research problems, 
including linear programming. A third reason, if it is needed, 
is that the matrix method works exactly the same way for all 
systems of equations, while the classic methods can vary with 
the ingenuity that a student can bring to bear. (This last 
reason, of course, can be used to argue in favor of the classic 
method. ) 

We repeat here the suggestions: Do not assign all parts 

of a given exercise at oncei Save some problems for review 
purposes as you go along in the text. 



3.10 Exercise Solutions 



O 

ERIC 



1. a) The inverse of 

b) 

c) 

d) For 



2 0 
0 1 



is 



\ 0 

0 1 



(h ■ 2). 



3 9 

2 6 

2 2 

2 2 

2 



3 1 



has no inverse, h - 3*6 - 9* 2 ” 0. 
has no inverse, h « 2*2 - 2»2 * 0. 
, h » -2. Its inverse is 



4 1 



2 -2 
2 



m 
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e) For 

f) For 

g) For 

h) For 



-1 0 


, h = -4. 


Its inverse is 


-1 


0 


3 4 






3 


1 








JF 


% 



[: 

[i 



-6 

3 



1 



, h « 0. It has no inverse. 

Its inverse is 
, h = o. It has no inverse. 






[I 



1 

-2 1 



To be singular, h must equal 0. 
a) 3x - 6 = 0, x » 2. 
b. x s = 36, x = 6 or -6. 

c) x 8 - 2x - 8 = 0, (x - 4)(x + 2) « 0, x = 4 or 

d) x 9 - 3x + 2 - 2 » 0, x(x - 3) “ 0, x s* 0 or 3. 



- 2 . 



2 

0 



a) 

b) kl - k 



1 



n : 



0 

1 



i 



0 

1 



C 3 - - 




M e 0 

L» il'° i 




0 

1 

l 



1 



i-i 



be its own inverse. Then 



X y MX y 

z W z w 



ERiC 



( 1 ) x 9 + yz * 1 (2) xy + yw - 0 (3) xz + zw»0 

(4) yz + w a ■ 1 From (2), y(x + w) ■ o; 



Q1 






H | CM I 
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From (3), z(x + w) = 0. If y + w ^ 0, y = 0, z « 0, 
x s = w 8 s 1, x = +1, w = +1. 

Four possibilities arise, each of which gives a matrix 
that is its own inverse, namely 

p UI fl ol pi oj pi 0 

L° jJ-is -iJ.Lo i|.L° -i 

If x + w « 0, then x » -w and from (1) or (4), 
x a + yz ■» 1, This yields many possibilities, for 
instance x = 6, y *» 7, z » -5, w = -6 and 



i 

F“ 

n 3 " 

1 VO 


1 0 


|—5 -6j j-5 -6j 


0 1 



1 - a* 

In general, let x « a, y « b, then z » — -v , w = -a 



and 



a 

1 - a 8 



b 

-a 



is its own inverse for any value of 



a and any non-zero value of b, 

5. For T7 a , h ** 0. TT a is a singular matrix. 

6. Assume A has inverse A -1 
But B 0, Therefore A is not invertible. 

e f 



Then A -1 AB « A -1 77 or B « 77. 



7. Let A 



[:3 



and B 



Then AB 



[c, 



ae+bg af+bhj 
ce+dg cf+dhj 



ERIC 



g h 

h of AB * aecf + aedh + bgcf + bdgh - ceaf - cebh - 
dgaf - dgbh 

« aedh + bgcf - cebh - dgaf 
« (ad - bc)(eh - gf). 

The last product is the product of the h* s of A and B. 
Since B is not invertible, eh - gf » 0. Then h of AB»0 
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and AB is not invertible. By the same reasoning BA is 
also not invertible. 

8, a) Using the results in the proof of Exercise 7, both 
h of A and h of B are not zero. Hence h of AB or 
BA is not zero, and BA and AB are invertible, 
b) Consider AB*B” 1 A” 1 , associating its factors in a 
variety of ways. A(B»B _1 )A 1 * AA” 1 = I. Also 
AB'B^A" 1 « (AB)(B -1 a" 1 )A _1 » I. (AB)' 1 = B -i A" 1 . 



9. a) The inverse of 



O 

ERIC 



is 



-5 3 

2 -1 



(h = -1) 



[1 -3 *[e] = C5 ' (x ’ y) - ( - 1 ’ 2) - 



Check . -1 + 3(2) = 5, 2(-l) + 5(2) » 8. 

3 2 | 

2 



b) The inverse of 



2| fll 2~| 

I is (h 

£ -[J - 



-1) 



Check . 3(1) + 2(1) « 5 , 2(1) + (1) - 3. 

[5 
2 



c) The inverse of 



3 ■ E 4 •* ■ - 

E J-EH3 ik 

Check . 5(2) + 3(1) - 13, 2(2) + 1 « 5. 

v P F 3 7 ] , ■ 

d) The inverse of | [ is J I (h ■ 1) 

E M --r 
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Check , 2(5) - 7(1) - 3, (5) - 3(1) - 2. 

x 

e) The inverse of is 



1 

-2 




L T 

- I 



(h = -2) 



, (x, y) = (4, 2) 



Check . 3(4) + 2 « 14, 4(4) +2(2) * 20. 

1 3 



f) The Inverse 



_1 

19 



(h » -19) 



- - 

26 1 

I - (x, y) = (2, 6) 



1 3 

5 -4 

Check. 4(2) + 3(6) « 26, 5(2) - 6 » 4 




g) The inverse of 

4 



3 

5 



1 

41 



1 
-12 



•3 “ "E 1 



( h =» -41) 



s) - (-1, 1). 



Check. 3(-l) +4(1) - 1, 5(-l) - 7(1) « -12. 



h) The inverse of 
2 3| 



5 -3 

6 



is 



ip 



- n 

27 



10 



i 

28 



2 | ^ T |-6 

84”* 



3 

5 



(h - 28) 
(u, y) » (3, -4). 



-112 

Check . 5(3) - 3(-4) - 27, 6(3) + 2(-4) - 10. 

a b 



i) The inverse of 
(h - a* - b a ) 

i l ~ a - bi 

a 8 - b a |-b 



• =*£ •:] 
^ [“ ; 1 - 



y) 



(i.o). 
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Check , a(l) + b(0) » a, b(l) + a(0) « b, 

p bl i fa -b] 

j) The inverse of is i — _ 

[b aj a 8 - b a |-b a] . 

ifi. * p 

a 3 - b*|-b a| [ 2 J a 8 - b a |-b +2a| 



,a - 2b 2a - b . 
V - b 8 ’ a 8 - b 8 '* 

_ . , a - 2b v . . , 2a - b x 

Check . a(— 5 r? ) + b(-s rr) 



1 a 8 - b- 



a 8 - b a 



a 8 - b ; 
a 8 - b s 



k) The inverse of 
(h *» b 8 - a 8 ). 





x r° T. 

a a - a 8 [_b 2 +aj 



Check , a(0) - b(-l) ■ b, b(0) - a(-l) « a. 

1) The inverse of 



(h . | - i - -|) 
v 8 9 72 



"1 1 




1 -1 


2“ 7 




* T 




is 72 




1 1 




-1 1 


j v 




I? 1 



72 



1 -1 

* T 



-1 

r? 



1 

5* 



20 

14 



72 



. (x, y) “ ( 24 , 24 ) 

1 / 



Check . |(24) + ^(24) - 20, |(24) + |(24) » 14 
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10. Proof of Theorem 11; "a“ 1 is unique" 



Suppose A has another inverse, say C. Then 



CA = I a 

(CA)A~ l = I a A -1 
C(AA" 1 ) . I a A‘ l 
C(AA' 1 ) = A’ 1 



associativity 
identity property 
definition of inverse 



hypothesis 
right operation 



CI a » A -1 
C - A“ l 



identity property 



3.11 The Ring of 2 X 2 Matrices ( i _ ]1 (j a y S ) 



A ring is a less restrictive mathematical system than a 
field. While every field is a ring - the converse statement 
is not true. Note and emphasize that in the definition of a 
ring we do not assume that 1) multiplication is commutative; 

2) there is a multiplicative identity; 3) there is a multiplica- 
tive inverse for each element. We can have, therefore, 
examples of rings which in addition to the basic properties of 
a ring also the properties 1), 2), or 3). A ring which has 
all the properties 1), 2) , and 3) is a field. 

Emphasize the importance of proving all the postulates 
for a ring in showing that a given system is a ring. 

Rings arose from a study of the integers - and the integers, 
matrices (certain subsets of them), and finite number systems 
whose moduli are not prime are the best illustrations of rings 
that are not also fields. 

The exercises attempt to give samples of rings which lack 
one or more of the three additional properties listed above. 
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3.12 Exercises 



ERIC 



1. a) (M a ,+) is an abelian group since it is a subset of 
m x n matrices with matrix addition - which we 
proved to be a group, 
b) ( M a , * ) is an operational system for 

bg af 

dg cf 

which is a 2 X 2 matrix. 

(M a ,*) has the distributive property for: 



t / —o ~ ~ “ — 

[ a b| le fj jlte + bg af + bhl 

c _d| |g hj [ce + dg cf + dhl 



a 

c 



e + k f+1 
g + m h +n 



E H« K 3) . _ . . 

[ a( e + k) + b( g + m) a( f + !•) + b( h + n)""l 

c( e + k) + d( g + m) c( f + l) + d( h + n)_| 

[ ae + bh af + bhl Fade + bm a A + bnj 

ce + dg cf + dhj Ick + dm cl + dnj 

C e + bh + ak + bm af + bh + aA + biTJ 
e + dg + ch + dm cf + dh + cl + dnj 



bh af + bhl |ak + bm a l 

dg cf + dhl |ck + dm cl 

bm af 
dm cf 

Similarly for right hand distrlbutivity, has 

associativity for; 

a 



[: M: E J- 

pT( k + 

j_c(ek + 



fm) + b(gk + hm) 
fm) + d( gk + hm) 



b ek + fm el 

d [gk + hm gl 

a( el + fd) + b(gjt 
c(ei+fd) d(g£ 



+ f dl 
+ hnj 
+ hnfj 
+ hn)J 



and 



([: H; II K: 



bg 

dm 



af + bh 
cf + dh 
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|(ae + bg)k + (af + bh)m (ae + bg)A + (sf + bh)n 

j ( ce + dm)k + (cf + dh)m (ce + dm) A + ( ce + dm)n 



Let A 



3 



Now AB 



[ae + bg af + bhl 

[ce + dg cf + dhj 



O 

ERIC 



2. The crux of the proof lies in showing that if A and B 

are invertible 2X2 matrices, then so is AB, 

a b I |e f 

J and B ■ I 
c d I [g h 

If A and B are invertible then 

ah - cb i 0 and eh - gf 4 0 

af 

cf 

To show that AB is invertible we must show that 
(ae + bg)(cf + dh) - (ce + dg)(af + bh) i 0 
By expanding this product we get 

Hit + aedh + bgcf + HH - Hit - cebh - dgaf - i&H 
m aedh - dgaf - cebh + bgcf 
» ad(eh - gf) - cb(eh - gf) 

■ (ad - bc)( eh - gf) i 0 

3. We know that ( Z ,+ ) is an abelian group. We also know 
that (Z, •) is an operational group which obeys the 
commutative, associative, and distributive principle. 
Therefore (Z,+, •) is a ring. It is distributive and 
has an Identity but there are no multiplicative 
inverses. 

(E,+) is a commutative group with 0 as its identity. 

( E, • ) is an operational group - with commutativity, 
associativity, and distributivity - but no identity. 



m 



4. 
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Therefore (E,+, •) is a commutative ring without 
identity or multiplicative inverses. 

5. (R,+) and (R, •) are both commutative groups. We have 

the additive identity 0, and the multiplicative iden- 
tity, 1. (R,+, •) therefore is a ring. If we exclude, 

as we usually do, the multiplicative identity - there 
is a multiplicative inverse for each element and 
therefore (R,+, •) is a field. 

6. The Cayley tables for (Z 7 ,+, •) are 



+ 

0 

1 

2 



0 

0 

1 

2 



3 

4 

5 

6 



3 

4 

5 

6 




12 3 

12 3 

2 3 4 

3 4 5 

4 5 6 

5 6 0 

6 0 1 

0 12 



4 5 6 

4 5 6 

5 6 0 

6 0 1 

0 12 

12 3 

2 3 4 

3 4 5 




3 

0 

3 
6 
2 

5 

1 

4 



4 5 6 

0 0 0 

4 5 6 

13 5 

5 14 

2 6 3 

6 4 2 

3 2 1 



It is clear that (Z 7 ,+) and (Z 7 ,») are abelian groups 
with identity elements 0 and 1. Therefore, (Z 7 ,+, •) 
is a commutative ring with an identity. Moreover the 
elements 1, 2, 3, 4, 5» 6 (the non-zero elements) 
also form an abelian group under multiplication. 
Therefore, (Z 7 ,+, •) is a field - a finite one. 
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7. The Cayley tables for (Z 0 ,+, •) are 



+ 


0 


1 


2 


3 


4 


5 


• 


0 


1 


2 


3 


4 


5 


0 


0 


1 


2 


3 


4 


5 


0 


0 


0 


0 


0 


0 


0 


1 


1 


2 


3 


4 


5 


0 


1 


0 


1 


2 


3 


4 


5 


2 


2 


3 


4 


5 


0 


1 


2 


0 


2 


4 


0 


2 


4 


3 


3 


4 


5 


0 


1 


2 


3 


0 


3 


0 


3 


0 


3 


4 


4 


5 


0 


1 


2 


3 


4 


0 


4 


2 


0 


4 


2 


5 


5 


0 


1 


2 


3 


4 


5 


0 


5 


4 


3 


2 


1 



( Z e ,+) Is a commutative group and (Z 0 ,*) is an 
operational system which obeys the commutative, associa- 
tive, and distributive property. (Z 6 ,+, •) is a 
commutative ring with identity elements 0 and 1. 

However, we find 

2*3 = 3*2 = 0 
3.4 » 4»3 - 0 

and yet 2 ^ 0 , 3 t 0 , 4 / 0 . 

Here we have examples of 

ab - 0 with a ^ 0 and b / 0. 

Remember, such numbers in a system are called divisors 
of zero. Consequently, (Z 0 ,+, •) is not a field. 



• 




e ii 


e ai 


e aa 


e ll 


e i i 


e ia 


0 


0 


e ia 


0 


0 


e JU 


e » a 


e ai 


e ai 


e aa 


0 


0 


e aa 


0 


0 


CD 


e aa 
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b) We know - aside from the table - that the set 
e u , e 19 , e 9l , e 99 form a commutative group 
under addition. We note, from the table, that 
the system is an operational system obeying the 
associative and distributive laws. Therefore 
(e^,+, •) is a non-commutative ring without 

an identity. We also note that eu, e l9 , e 9 ^, e 99 
are all divisors of zero. 

c) e lx + e 99 « 

3.13 A Field of 2 X 2 Matrices (i 

One of the purposes of this section is to emphasize that 
a field is a special kind of ring and a ring is a generalized 
kind of field. 

Another purpose is to select a special subset of 2 X 2 
matrices that has a useful connection with a future topic - 
complex numbers. 

The set Y, of course, is isomorphic with the field of 
complex numbers. Complex numbers are treated in Course IV, 
and they should not be introduced now. However, for your in- 
formation let* 8 point out the correspondence that can be set up. 

* a. I + b«J 

a«l + b.i where 1 « <sPT. 
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3.14 Exercise Solutions 



1. d), 8), h), i), possibly, J) 

2, d) does not have an inverse. 



1 


-l 






1 


S’ 


"S’ 


fc) 


3 


5 


1 


i 


-l J5 


£ 


S’ 




3 3 



i) If a a d and b » -c and ad - be a a 8 + b 3 / q then 
the matrix has an inverse and it is 



a 


a 




a 3 + b 3 


a 3 + b 


3 


b 


a 




_a 3 + b 3 


a 3 + b 




+ 1 


1 - ^1 






" “TUB 1 “ 




1 

1 

H 


+ 1 




— ‘W? 







3. Since Y is a subset of m x n matrices (in fact of 2 X 2 

matrices), we know by previous work that (Y,+) is an 

abelian group. 



Since in 





x* + y 8 is positive if x pf 0 and 



y 4 0, we know that every element of Y has a multi- 



plicative inverse. To show that Y is a field, we 
need to show that 

Y|Y a € Y 

and YxYa-YaY!. 
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Let Y x 




and Y a * 



Now: Y x Y a » 



P 

U> 



x x x 8 - y x y 8 -x x y a - 
_y x x a + x x y a -y x y 8 
and this is of the form 



pa -yTj 

[ya x aJ 

- yi x T] 

+ x x x a J 



YiY a 

and 

Y a Y x 



C 1 

E ix a - y x y a -x x y a - y l x7] 
i x 8 + x x y a -y x y 8 + x x x 8 J 



p 8 x x - 
[y a x x + 



- y a x T| 

+ XbxJ 



- y a y x -x a y x - 

x #yi -y a yi 

and therefore Y x Y a * Y a Y x and Y is a field. 

4. Consider the set 0 of 2 X 2 matrices 

*x -y 

y x 

such that x 8 + y a ■ 1. The system (G, •) is a group. 
This is a special case of Theorem 14. 

5. Consider the points (a, b) in the plane such that 
a 8 + b 8 ■ 1. They are clearly the points on the 
circle with center at the origin and radius 1 - the 
unit circle. 

The correspondence 

(a, b) < > 

is one-to-one. 



[: H 



o 

ERIC 
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The inverse of 



a -b] la bl 

iB 

_b aj j-b aj 



and, with the above correspondence in mind, 
a b 



-> <x, -y) 



-b a 

or, the reflection of the point (x, y) in the x-axis. 



3.16 Review Exercise Solutions 




2. To show that (Z 4 ,+, •) is a ring, we show 



(1) (Z 4 ,+) is an abelian group. This has already been 

done in preceding courses. 

( ii) (Z 4 ,*) is an operational system, as can be shown 
in its Cayley table; also, it is associative. 

(iii) Using tables for (Z 4 ,+) and (Z 4 , # ), we can show 
that • distributes over +, by considering cases. 



P* I] r 3 -T) 

S. a) The inverse of | I is (. (h 

(ii 3j L 11 il 



1 ). 



b) 



c) The Inverse of 



has no inverse because h ** 0. 

4 *1 -il 2 

I f h » _in\ is _±.l 



3 2 (h . -10) 



16 roC 



-6 1 

4 1 



o 

ERIC 



1 f< A 



ii 
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E 4 -2 

2 "i 



d> I | has no inverse because = (-4)(-l) - 

(- 2 )(- 2 ) - 0 . 



4. [x y] 



0 3 



« [3x - y 2x + 2y] • 



0 



[3x a - y + 2xy + 2y a ] « [3x a + xy + 2y a ], 



> f; 31 



4 

21 






- 4 

16 



4 1 

J [o 



.» °i.r° 

o 5| lo 



_8 17) [8 12 

6. To be a multiplicative identity, A 



3 

ol 

0 



1 

5 

2 

5 



4 

5 

3 

5 



should equal 



7. 



1 1 
1 2 
1 2 
1 2 



Therefore 



A € %, 


This is not so. 


1 


1 


r 




2 


2 


2 




3 


3 


3 




3 


4 


4 




x - 1 * 


0, x® + x = 1 and -1 


o 

II 

o 

• 






[x a +x 


i 


|*1 -x 3 -x“| 


lx 


oj 


Lx 0 J 



9. Transpose of A 



e 



0 

0 

V 

2 

3 



Transpose of B 
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We note that AB «= -BA. 



In this case we say that multiplication is 
anti-commutative . 

12. a) It is a ring. 

It is easy to see that, if Q is the set of numbers 
a + b«/3 (a and b rational), (Q,+) is a commutative 
group. 

Let Xj *» a x b^<\0 Xg ■ a 8 b 
Then x x x 8 » (a x + b 1 A /3)(a 8 + b # ^/3) 

m (a x a 8 + 3 bjb a ) + (a^b 8 + aab^J^/? 
so ( Q, • ) is an operational system. Associativity 
and distributivity can be proved similarly, 
b) It is not a ring - and we need only a counter- 
example. 

I 33 

e.g. q • -s' ® is not in the set. 

13. Suppose A has an inverse A ” 1 

Then A ” 1 *75 » 75 

A -1 ( AB) = 75 



contrary to hypothesis 



(A" ,1 A)(B) » XJ 

I»B » 75 
or B = U 

that B / 75, 

B can have an inverse only if A » 75, 
If B has an inverse B" 1 
Then 75 « TJB” 1 = ( AB)B _X 

» A( BB" 1 ) 
m AI m A 
i.e. A » XT. 



Chapter Test Items 

1. Write a 3 X 3 matrix with elements a^j such that 

a ii * 0* a ij ■ 3i - 2j for i ji 




find the matrix 

2A - B - C. 

3. For the matrices A, B, C in ex* 2, find: 

a) A(B.C) 

b) AB - BC 

c) 3A - IB + IC 

4. Find the inverses, if they exist, for matrices A, B, C 
in ex. 2, 

5. Show that the set of invertible 2X2 matrices form a 
multiplicative group that ic not abelian* 



6. Prove; If a matrix D in M 3 is invertible and E is its 
left inverse, then E is also its right inverse. 

7. Prove that multiplication is commutative for matrices 
of the form 
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4. a) Inverse is 





b) Inverse is 




-2 

8 



c) Has no inverse since (8)(1) - (-2)(-4) * 0 
5. We already know that the multiplication of 2 X 2 

matrices is associative - therefore the multiplication 
of 2 X 2 invertible matrices Is associative. There 
is an identity element, I„, such that 
Alg a* IgA = A 

Every element for every A, A" 1 ,, 

To prove that the set of 2 X 2 invertible matrices, 
under multiplication, we need only show that the 
product of two invertible matrices is an invertible 
matrix. Wb did this in Exercise 8 of section 3.10. 
Moreover, the inverse of AB is B“ 1 A" 1 
for (AB)*(B" l A“ x ) = A(B«B’ l )A"* 

= AI 9 A" x 
« AA’ 1 

» I. 

also (BA)(A” l B“ 1 ) « B(A*A" 1 )B" 1 

» BIgB” 1 
« BB" 1 




“ la 

Let the left inverse E of D be D" 1 . 
Then E»D ■ IT'D * I 9 
But D«E » D»D 1 * I_ 

1 An 



6 
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7 . 




Then A*B = 



and B*A m 



fxxx a 

L/iXa 

p'aXi 

l^a x i 



Xl, 

- yiy a 

- x x y 3 

- y a yi 

- x a y x 



x a , y x , y a € r. 
x x y a + yiXsI 

-yiy a + x x xJ 



x a y x + y a yi 

-y a yi + x 3 x x 



Comparing the elements of A«B and B«A and recalling 
the commutative properties of the real numbers we see 



that 



A*B » B»A 



O 

ERIC 

iifflimiffaHaaaa 



110 



109 - 



Chapter 4 

GRAPHS AND FUNCTIONS 
Time Estimate: 15 - 18 days 



In this chapter the concepts of graphing a function and graph- 
ing a condition in ..:o variables are studied and the concepts 
unified. Graphs are used to extend the study of operations on 
functions* applications of functions, and properties of functions. 
It is hoped that after completing this picture the student will 
have a graphic picture in mind of the various concepts introduced 
in this chapter and will be able to operate with these concepts 
graphically and, to a lesser extent, algebraically. 

An estimated time for the completion of the chapter Is 15-18 
class days. 



4.1 Conditions and Graphs (2^-3 days) 



We consider a condition to be an open sentence. A condition 
in two variables is an open sentence in two variables. In this 
chapter the domain of the variables is considered to be R, the 
real numbers. Such conditions may also be referred to as conditions 
on R X R, and are denoted generally by C(x, y) . 

Associated with C(x, y) Is its solution set S ■ ((x, y) : x € R, 
y € R, and C(x, y) is true). This set of ordered pairs then has 
a graph, T, where T is the set of points of the plane whose coor- 
dinates with respect to a coordinate system are the ordered pairs 
of S. We refer directly to T as the graph of C(x, y) . The co- 
— dinate system is standardized as a rectangular coordinate 
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system. 

With this background in mind, the student should be led 
to recognize the relationship between equality, inequality, 
and absolute value conditions and the subsets of points of 
the plane which are their graphs. 

In this section exploration of the relation between 
symmetry of graphs (sets of points in a coordinatized plane) 
and the conditions which determine them is begun. The following 
general defintions of symmetry of sets of points apply here 
and later. 

Definition : If P is a set of points in a plane, 

(1) P is symmetric in line l (has 
line symmetry) if and only if P is 
its own image under the line re- 
flection in 4. 

(2) P is symmetric in point P (has point 
symmetry) if and only if P is its own 
image under the point reflection in P. 

Exercise 6 of 4.2 is essential to future development. 

Problems 1 and 2 could be done in class. 

All problems in 3 and 3 need not be assigned. 



0 





( f ) The slope . 



o 
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2. (a) - (d) 




(e) All lines intersect at (0, 4 ). 

(f) The y intercept. The line intersects the y axis 
at (0, t> j . 
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Both are symmetric with Both are symmetric with 

respect to the y - axis. respect to the y - axis. 



(e) Same as (c) 




K ▼ 




i) Symmetric with re- Symmetric with re- 
spect to x - axis. r.pect to x - axis. 



j) Symmetric with re- 
spect to x - axis. 




(e) Triangle is bounded by x = 0, y = 0 and y = -3x + 
in exercise 4(d). 



iif? 




- 1X5 " 
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x > 0, y > 1 
x - y + 1 = -2 

y * x + 3 
x < 0, y > 1 

-x - y + 1 = -2 
y = -x + 3 
x < o, y < l 

-x + y - 1 = -2 
y = x - 1 
x > 0, y < 1 
x + y - 1 = -2 
y = -x - 1 



o 
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-^ + §Qry = -£x-§ory = -|x 



(e) x+2y = 4orx+2y = -4 

2y = -x + 4 or 2y = -x - 4 

y 

The graph is a pair of parallel lines of slope - 
line has y - intercept 2, the other -2. 

(f) 2y = |x| + x 

y = + 2* 

y = yjx + = x 

if x > 0 

y=-^x+^x=0 
if x < 0 



- 2 
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(V 



V 



V 



\" 






/- 



S 



rt 

"/V* 






-N 



->v 



* 

* 




6. 


(a) 


Yes. No. 












0>) 


C(x, y ) if 


(-X, 


-y) . 








(c) 


Yes . 










7. 


(a) 


Symmetries 


(1)> 


(2), 


(3), 


and 




(b) 


Symmetries 


(1). 


(2), 


and 


(3). 




(c) 


Symmetries 


(2). 










(d) 


Symmetries 


(3), 


(4). 






■8. 


(a) 










(b) 
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(c) 




(d) 




x + y = lorx + y = -l 
y = -x + 1 

or y = -x - 1 




12Q 
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4.3 Regions of the Plane and Translations (2 - 2^- days) 

The main idea of this chapter is embodied in Figure 4.8. 

In many traditional texts, the emphasis is on change of coor- 
dinates by a translation but here we emphasize that since a 
translation is an isometry, the region and its image under a 
translation are congruent. 

The student should, gain the insight that the graph of 
C' (x + a, y + b) is the image of the graph of C(x, j) under 
the translation (x, y) — - — — (x - a, y - b). Note the change 
in sign . 

For example, consider the graph of |x - 5} + |y - 3 f = 2, 
Example 2 in the text. There it is noted that the graph G* 
of |x - 5 | + |y - 3 | = 2 is the image of the graph G of 
|x| + |y| * 2 under (x, y) - T ■ (x + 5> x + 3). But we can 
also consider the graph G* of |x - 5| + |y - 3 | = 2 to be the 

graph of |x 1 | + |y» | = 2 where x 1 and y' are the coordinates of 
points of G 1 if new x' and y' axes are chosen with origin at 
(5, 3) and axes parallel to the x and y axes. Thus, if a point 
has coordinates (a, b) in the x, y coordinate system it ha:; 
coordinates (a - 5, b - 3) in the x', y' coordinate system. If 

a point has coordinates (a 1 , b') in the x', y' coordinate system, 

i 

it has coordinates (a' + 5, b' +3) in the x, y coordinate system. 

However, because of the students' familiarity with trans- 
lations as isometries the point of view here is to treat the pro- 
perties of a region in terms of an isometric region lying con-1 

I { 

^ veniently with respect to a given x, y coordinate system. In other 
ERj( words,, the coordinate system is fixed . ' 
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4.4 Exercises 
1. (a) 






I 

& 

i 



i 



(b) 




(d) 




f 
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0 >) 




(c) x < 0 or 3y ■* 2x > 6 or 5y - 3x < -3 or 4y + x > 20 

or y < 0. correct equivalent) 

(d) 3y + 2x > 9 or y > l or y < x - 7 . 

(any equivalent form) 




191 



(b) y + 3 ^ - 3 (x - 5) and x -5^0 and y ^ -7. 

(or equivalent form) y + 7 £ -3(x - 5) + 4 and 
x - 5 1 0 and y + 7 0 



o 
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5. (a) - (b) 




- 125 - 



(c) |x + 9| + |y + 6| £ 3 
6. (a), (b) 





(y - 5) - 3(X - 4) 
if y = 3x - 7 



X 



(b) Translations map 
lines onto parallel 
lines. 

(c) 3 

(d) Yes, because any line 
with slope 3 is 
parallel to y = 3x 

and differs only in its 
intercept . If b is the y 
intercept, i.e., 
y = 3x + b is the line, 
then the translation 
will map y = 3x onto 
y = 3x + b 





4.5 



Functions and Conditions 




2 days) 



The following points are central to the development of this 
section. 



( 1 ) 



( 2 ) 



(3) 

(4) 



A real function f : A 9 B determines a set of 

f ^ 



ordered pairs {(x, f (x))i x 



f(x) 



anu x 



• i 



and this set of ordered pairs determines the 






function f. From the ordered pairs or their 
graph the assignments x — =-> f(x) aan be re- 
covered. Thus, this set of ordered pairs may be 
called the set of ordered pairs of f . 

Associated with f is the equation y = f(x), called 
an associated function equation. The solution set of 
this equation as a condition in x and y may or may 
not be the set of ordered pairs of f. The 
condition y' = f (x) and x € A has as solution set the 
set of ordered pairs of f. Graphing a function 
then becomes equivalent to graphing a condition. 

The solution set of y = f(x) and x € A thus also 
determine the function of f. 

A set of ordered pairs may determine a function only 
if no two pairs have the same first element (for the 
graph, the vertical line test holds). 

Any condition C(x, y) potentially determines a 
function. The solution set of C(x, y) must satisfy (3) 
above in order to determine a function. However, 
even if this is true^C(x, y) in itself uniquely 
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determine a function unless the codomain is 
specified. 

In dealing with each of these ideas emphasis should be 
placed on specifying the domain and in the properties of the 
ordered pairs and their graph. Codomain should be discussed 
but it is not a central issue here. If, as is noted, R is taken 
as a standard codomain, y = f(x) and x € A completely deter- 
mines a function, as does any function condition. 

The treatment of symmetry should be handled with reference 
to y - f(x) as a condition in x and y and with strong reference 
to the graph itself. 

The greatest integer function is introduced here as a 
special function so that it is available for use in examples 
and exercises later on. 

Note that x € [a, b] means that a £ x £ b: x € R. 



4,6 Exercises 



1. (a) 


y = 1 + x g 


(d) 


V , -J-X-L 

y ' 1 + X* 


(b) 


11 

>> 


(e) 


y • 3x + 5 


(c) 


y = — 
9 X 







O 
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2. (a) Yes. Graph is a line. Vertical line test holds. 

(b) Yes. No two ordered pairs have the same first element, 

(c) Yes. No two ordered pairs have the same first element, 

(d) Yes. Same reason. 

(e) |y | = x. For x , 3, y = +3. 

(f) No. Graph is a pair of parallel lines: x + y = 7 , 
x + y = -7. 



(g) 
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No. Vertical lines test fails. Also, no ordered 
pair exists for x = 23 . 

(h) No. For x = 3, y « +1. 

(i) No. For x > 1, y is imaginary number and thus not 
in standard codomain R. 

( j) No. For x = 1, y = + 216. 

2. (a) y = 2x - 7, x € R (b) 





(c) (d) 
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(l) For x y y is imaginary no graph. 



ERIC 1 fll 
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3. (a) Symmetry in y - axis. 

(b) None 

(c) Symmetry in origin 

(d) Symmetry in origin 



4. (a) 




No. Vertical line test. 



( e ) None 

(f) None 

(g) Symmetry in origin 

(h) Symmetry in y - axis 

0 ») 




o 
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(d) 




Graph is the single point 



(1, l). Yes. Domain = (1} . 




% 



Yes, Vertical line test holds, 

(f) 



A 




Yes. Vertical line test Yes. 

holds . 




1 
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4,7 Functions and Solution of Equations 



(1~ - 2 days) 



The fundamental aim of this section is to tie together the 
work involving graphing of functions, graphing of conditions, a 
ana the solution of equations. Whenever possible, try to show 
how several equations or systems of equations can be solved using 
a single graph of function in terms of "a - points" or 
zero - points. 

In using graphs, the fact that only approximate solutions 
are obtained should be discussed and how, practically, the 
approximations can be made more precise. 

The space - time examples provide a practical application 
of these techniques and are generalized somewhat in the exercises. 



0 
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Other typical "verbal problems" that appear in the usual 
elementary algebra text such as "mixture" problems may be 
solved by similar graphic techniques. 

Exercises 4 and 5 should be done completely and as many 
parts of Exercise 6 as are deemed necessary. 



4.8 Exercises 



1. 


(a) 


200 miles 


(d) 




(b) 


200 miles 


(e) 




(c) 


2j|‘ hours 


(f) Wind, gaining 


2 * ( 


'(a) 


125 miles 


(b) 


(a)] 


1(b) 


200 miles 




i 


((c) 


3 hours 


(c) 


3. 


The plane in f 


statred 400 miles 



13 3 j mph, 



No 



needed. 



travelled for 8 hours, while the plane in g starts from 
the base but 2 hours later than f and travels 6 hours. 



r*‘~ 

- ' - — - ‘ — 
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(a) 


(b) 


approximately (-2.8, 0) 
(2.8, 0) 


(o) (-1, 0) 

(e) U-a. 1 ), (6, 7)1 


(d) 


(-4.8, 4.8] 



These are the coordinates of the points where the 
graphs intersect. 
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(c) x — £-» - §* + Tf 
x - |x + 



No solution * The graphs 
show parallel lines. 




( 4 ) 
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The treatment of the functions [f + Cj « [f.+ a], and 

£t 

[C • f] = [afj for a € P is an extension of the work done with 
operations on functions in Course II, Chapter 7. These notions, 
together with [f + g] and [f • g] will be utilized in Chapter 5 
in developing polynomial functions and polynomials. 

Given a function f, new functions ^ and f 8 may be 
constructed by the rules 

f i (x) = f(x + a), a € R \ {0} 
f a (x) = f (ax), a € R \ {0} . 

But defining them in this way obscures the fact that f t is in 
fact a composite function, as is f s . If g,(x) = x + a and 
g 8 (x) = ax, then f x = f o g x and f 8 = f * g 8 . The general case 
may be studied for gj = ax + b. Then f 3 * f © g 3 is the function 
with rule f a (x) = f(ax + b). This particular composition is 
important in trigonometry where for example f(x) = sin x so that 
f*ga(x) = sin(ax + b). Note that in the examples g* and g 8 in 
effect respectively translate and dilate the x - axis before 
applying f, g a is an affine transformation of the x - axis. 

Care should be taken to point out the use of composition in 
| [^( instructing the graphs as in Figure 4.24 and Figure 4,25, 

-mu 
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Emphasis should he placed on doing all the work, if possible, on 
the graph, itself, working from the graph of a simple function, 
or a given graph, to the graph of the function required. 

Encourage students to elaborate or simplify the graphic 
techniques 0 Try not to insist on a single approach. 

Suggestion: It may be desirable for students to make master 

copies of graphs of such standard functions as q where q(x) = x 2 
and co trace the functions when using them in graphing others. 
Exercises: 2, (e) is troublesome because of the scale 

factor involved. You may use k x (x) * 2x instead if you like. 
Also, suggest appropriate intervals of the domain in trouble- 
some exercises on which to graph the function. Symmetry may 
also be used here as an aid to graphing. 

Exercises 1, (a) and (b) are good classroom exercises, 

4,10 Exercises 



1, (a) f : y = |x| 



j : y = x 



g 5 y = [ac] 

h : y = x + 5* 
k : y = 4x 



c l : y = 1 
q : y = x a 



(b) (i) y = |x| + [x.) 

(ill) y = 5x + 5 
(v) y = [x + 5] 
(vii) y = x + 5 
(ix) y = x a + 4x 
(xi) y = x* + 4x + 1 



(viii) y = x 8 + x + 5 



(x) y = [4x] 
(xii) y = x a 



(ii) y = | x | + x + 5 
(iv) y = |x| • [x] 
(vi) y = 4x|x| 



o 



(xlii) y = X s + 4x + 1 

(xv) y = [x s ] 

(c) 
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(xiv) y -- 4x s + 20x 




O 
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* 



- l4l - 




•graphs are shown below. 
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3. The completed graphs are shown. 
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(b) 




(c) 1 has a dilating effect and m a translating effect, 
k has a dilating effect in just the opposite way 
from 1. 1 tends to enlarge while k shrinks. Both 

m and h translate the original graph. 
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max (f, g) is the shaded part 
of the graph. 

4.11 Bounded Functions and Asymptotes (2 - 2^ days) 

Note that j is really j o f , where j is the function 
with rule x _jL> 

Thus, the study of ^ tells us how to expect 
jr to behave for small values of |f(x)|, for large values of 
|f(x)| and for values of | f (x) | near 1. However, this approach 
is not used directly in the text since we wish to define j 

directly and illustrate by constructing l/j, where x x. 

Note the assumption of continuity and that f(x) continues 
to increase as x increases for x > x a and continues to decrease 
as x decreases for x < x x . 

Exercise 3 should be assigned, but it is not expected that 
students will be able to carry it through completely. Do it 
thoroughly but informally (graphically if possible) in class. 
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i .. 1 


K* 


c l 1 




1 1 o 


"1 i 



O 
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2 . 



(a) 


1 

f 


: y = 0 




c, : none 








1 

g 


: none 




c 3 : none 








1 

h 


: y = 0 




c : none 

•4 








1 

k 


: y = 0 




q : y = 0 






0>) 


f 


: x = 0 




c 1 : none 








g 


: none 




c 3 : none 








h 


: x = -5 




c : none 














•4 








k 


: x = 0 




q i x = 0 






(c) 


1 

s' 


1 1 
cC c 9 f 


1 


all have a local max and a 


local min 


at 




each point of 


their domain, technically. 


However, 


the 



O 
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student's intuitive answer will no doubt be no for 
all the reciprocal functions in (l) and this should 
be accepted as correct. 



(d) f : not bounded c, 



(e) — is bounded* 



g : not bounded c. 



also, so are 



1 



1 



bounded 
bounded 

h : not bounded c 4 : bounded 

k : not bounded q : not bounded (f) 

(a) Yes. Since |f(x)| £ k x for all x € [0, lj, k x > 0, 

and |g(x) j £ k a for all x € [0, 1], kg > 0, 

| f (x) | + |g(x)| £ kj + k s for all x € [0, 1]. 

But |f(x) + g(x)| £ |f (x) | + |g(x)| by the triangle 
inequality..-. | [f + g](x)| < k x + k 3 = k for all x in 
[ 0 , 1 ]. 

(b) Yes. The identity is 0. f + g is restricted to 
[0, 1], which is clearly a bounded function, -f € B 

since for all x € [0, 1], |-f(x)| = |f(x)| £ k. 

(c) Yes since |« f (x) | = M |f(x)| £ |«| where |f(x)| { k. 

1*8 
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2. Each of the following are isolated examples. There are. 
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(b) (i) WE, VS}, (ii) (-2, 2), (iii) (VlO, n/IO) 

(c) 




er|c j no 
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i 
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7. (a) j is the dotted graph. 



TM 





* -> 
> 



* 



0 >) 


Local Max. (-4, -2); (4g-, - jf) \ 


for 7 




Local Min. ( —3 j l): (2, l) I 


I 




Local Max. (-3, 1 1*); (2, ljj-) | 


for f 




Local Min. (-4, - p)i (4, -1^) 




(c) 


x ,” 4 |, x * -3p x = -2p x = |, 


x = 2 §> 



y - o 

(d) 4 £x {l for f 

-2 £ x £ 0 for ^ 





hIcvj 



- 154 - 



Chapter 4 Sample Test on Graphs and Functions 

I. Tell whether each of the following is a function equation 
for the domain specified. If it is not, explain why not. 

(a) y = x® + 4, x € R. 

(b) y = x + 4, x € R. 

(c) y = — -p, x € R. 

(d) |y | = |x| + 4, x € R 

(e) x 3 + y a = 4, x € [-2, 2] 

II. Discuss the symmetry of the graphs of each of the following 
conditions . 

(a) | x | + |y| = 3 

(b) y = 3x a 

(c) y = 3x - 1 

(d) y = |x + 3 | 

(e) y = x® 

III. Graph the compound condition : y ^ 0, y. £ - x + 5, 
x £ 0, and y £ jx + 8 . 

IV. Given the following functions of R to R with rules: 

x — x + 3 x ■ [x] x x a 

(a) Draw the graph of k. Then use it to construct the 

graph of -3k. Label each graph carefully. Write 
the function equation for -3k. 

(b) Draw the graph of h. Then use it to construct the 
graph of h°f. Label each graph carefully. 
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V. Study the 3 graphs 

{a, b, c} at the right 

and then answer these 

questions: 

(a) Which graph (or graphs) 
are symmetric in the 
origin? 

(b) Which graph (or graphs) 
are symmetric in the 

y - axis? 

(c) Which graph (or graphs) 
are functions of x? 

(d) Which graph (or graphs) 
are bounded? 

VI. At the right is a graph of the function f. 

(a) On the same axes, sketch 
the graph of 

(b) Write the equations 
(x = a} y = b) for 
asymptotes of |r. 

(c) Give an interval in 
which ^ is bounded: 





(d) If a local maximum of jr exists, give its coordinates. 
(If none exists, write "none"). 



ERIC 



- 156 - 



Answers to Test Questions 

1. (a) Yes 

(b) Yes 

(c) Yes 



(a) 


No, 1 » 5; 1 > -5 


(e) 


T 

o 

CVi 

T 

o 

S3 


II. (a) 


Symmetric to x - axis, y - axis and origin. 


(b) 


Symmetric to y - axis. 


(c) 


No symmetry 


(a) 


No symmetry 


(e) 


Symmetric to origin 



III 
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(b) x = -2; x = 1 
y = 0 

(c) 2 £ x £ 4 

(d) (-1, - |) 
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Chapter 5 
COMBINATORICS 
Time Estimate: 21 days 



General Introduction 

This chapter formalizes some of the principles involved 

* 

in combinatorics with its application to the binomial 
expansion and in preparation for the chapter on Probability 
which follows. Section 5.9 postulates the Principle of 
Mathematical Induction . 

The teacher should restrict the time to the concepts 
and skills Introduced in the chapter. There are a few 
problems in the sections involving probability. These should 
be done with the use of previous knowledge of the students or 
by informal methods. Students could be asked to list the 
successful events and all possible outcomes to derive the 
probability of an event. The emphasis must be on combinatorial 
counting with application to simple problems. 

The development of the concepts of permutation and combination 
is closely tied to previous work with 1:1 mappings and subsets. 

A permutation is defined as a 1:1 mapping of a set A into a 
set B. Examples in 5.2 develop the notion of permutation as 
a 1:1 mapping between two sets. (n) r denotes the number of 
permutations of n objects taken r at a time (number of 

o 
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1:1 mappings from a set A consisting of r elements into 
a set B with n elements). 

Section 5.^ reviews the meaning of the power set of 
a given set, and 5.5 employs the concept of subset in 
developing the meaning of the term combination. ^ r y denotes 
the number of combinations of n objects taken r at a time, or 
in subset terminology, it refers to the number of r-element 
subsets of a given set of n elements. 

In section 5.7 the concept of subset is used in determining 
the coefficients in a binomial expansion. Problems dealing 
with the binomial theorem (5.8) and mathematical induction 
(5.10) provide students with practice in algebraic manipulation. 

Ejqperiences of teachers have shown the need for additional 
problems on applications of combinations and permutations. 

Some additional problems are provided in this commentary (see 
end of answer keys to sections 5.3 and 5.6). 

In the next chapter. Probability (Section 6.6) students will 
need to apply their knowledge about permutations and combinations 
to some probability problems. (See Teachers Commentary, Chapter 

6, p. 212, 226-227.) 



5.1 Introduction 



The purpose of the introduction is to give the student a 
little insight into the idea that combinatorics has become a 
branch of mathematics in its own right. Much research is 
being done; there are many unsolved problems for people who 
I KJC' re interested t0 work on; and there are many applications of 

" ±22 
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combinatorics to other branches of mathematics. 

5.2 The Counting Principle and Permutations (Time: 4 days 

or 5 .2 — Supplementary problems) 

Several examples are given at the outset to develop the 
idea of a counting principle on an intuitive level. In each 
case the examples involve a set of tasks, each of which may 
be performed in any of a number of ways. The product of the 
numbers of ways in which the tasks may be performed individually 
is the number of ways that the set of tasks may be performed 
one after the other. The examples are self-explanatory and 
need no additional background. They should be discussed in 
detail with the class. 

* 

Wherever mappings are used to develop an idea, for example 
in the case of the number of permutations of n elements taken 
r at a time with r less than or equal to n, it is important 
that the students find each of the mappings involved and represent 
them with arrow diagrams. This is simply s "brute force" 
technique at first but yields a real payoff later in understand- 
ing. 

A more general counting principle, CP 1 , is presented 
after the intuitive one. It uses the set operation Cartesian 
product where the product of the numbers of elements in the 
two sets individually is the number of elements in the 
Cartesian product, (it is a coincidence that "counting 
principle" and "Cartesian product" have the same initials, C.P.) 

eric: 



It should be emphasized to the students that even though the 
sets involved are sometimes related to one another, it is not 
really necessary that they be related. The counting principle 
in any of its forms may be extended to more than two sets, 

(See Theorem 1, CP), 

It may be that the diagrams illustrating all possible 
mappings in one picture may be a little confusing. In this 
case it might be worthwhile to have students represent each 
mapping individually on the board. 

The counting principle is used to derive the formula for 
computing numbers of permutations. The symbol "(n) " is 
becoming widely accepted in the textbooks at all levels. 

5.3 Exercises 

1. This exercise may be done two ways. Students should be 
told which way to interpret the problem or asked to do 
the problem with both interpretations. Answers with no 
letter used more than once. 

(a) 7 (b) 42 (c) 210 (d) 84o 

(e) 2520 (f) 5040 (g) 5040 

Answers with letters repeating: 

(a) 7 (b) 49 (c) 243 (d) 1701 

(e) 11,907 (f) 83,349 (g) 583,443 

2. The students should see that the questions in Exercise 1 
with no letters repeating and Exercise 2 are essentially 
the same. They represent different applications of (7)r« 

(a) 7 (b) 42 (c) 210 (d) 84o (e) 2520 (f) 504o (g)504o 



o 
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3 . Same as Exercise 2 . 

4 . 8 • 7 • 6 • 5 • 4 = 6720 

5 . 5i = 5 • 4 • 3 . 2 . 1 = 120 

6. 5 • 4 • 3 = 60 

Exercises 7 , 8 and 11 are not 1-1 mappings from one set to 
another. These permit all mappings from set A to B. If A 
has a elements and B has b elements and a £ b, then the 
number of possible mappings (not necessarily l-l) is b a , 

7 . (a) 26 • 26 • 10 • 10 • 10 = 676OOO 

(b) 24 . 24 • 10 • 10 • 10 » 576000 

8. (a) 10 10 (b) 9 • 10 9 

(c) 9 • 10 • 10 . 9 • 10® or 9 2 . 10 8 

9 . 10 . 4 = 4 o 

10 . 5 • 4 = 20 

11. 6 s or 36 

12. (a) 5 * 4 . 3 .2-120 (b) 8 • 7 • 6 = 336 

(c) 8 • 7 • 6 • 5 • 4 = 6720 

(d) 20 . 19 = 380 (e) 15,120 

13 . (a) 8*7*6= 336 

Ob) 8*7* 6 *5 *4*3 *2 *1= 40,320 

(c) 5 • 4 • 3 • 2 * 1 = 120 

(d) 336 

1 4 . (a) 6 • 5 • 4 • 3 = 360 



(b) 6 • 5 * 4*3 *2 * 1 = 720 

(c) 2 * 1=2 

(d) 360 
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15. (a) 10 • 9 * 8 = 720 

(b) 10. 9*8«7*6*5*4. 3*2.1= 3,628,800 

(c) 7*6* 5* 4* 3*2*1= 5040 

(d) 720 

16. Since (n - r)i gives the product of all counting numbers 
from 1 to ( n - r ), then multiplying this by the product 
of the counting numbers from ( n - r +1) to n will give 
ni by definition of nl Note that ( n - r + l) is the 
successor of ( n - r ) . 

17. On the basis of the result for Exercise 16, nl = 

(n) r • (n - r) l It then follows by dividing both sides 
of the above equation by (n - r) l that: 



(a) 


(u ) 3 = 


111 

Ul-- ITT 


= 11 • 10 • 9 a 990 


(b) 


II 

in 


71 

<7- %7T 


= 7 . 6 • 5 • 4 • 3 = 2520 


(c) 


(i5) 3 = 


151 

(ir- 3)i 


= 15 * 14 * 13 = 2730 


(d) 


(100) 2 = 


= 1001 

(ISO -"S)i 


= 100 • 99 = 9900 



19. Answers may vary. Students may give straightforward 
answers such as "number of permutations of 8 elements 
taken 2 at a time." Or they may do it in terms of mappings, 
in terms of applications. 

21. (a) 8 l = 40,320 (b) 12* = 479,001,600 

(c) 6 + 2 + l + l = 10 (d) 288 

(e) 33 

© 

22. 2-digit, 4; 3-digit, 8; 4-digit, 16. 1 fin 
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In order to give the students additional practice in 

the kinds of word problem s involving permutation s, the following 

set of problems are included to be used at the discretion of 

the teacher. 

1. In how many ways can 4 seats in a row be filled by 
selecting from 6 people? 

2. In how many ways can 4 people seat themselves in 6 seats? 

3. Two dice are tossed. In how many ways can they fall? 

4. How many distinct license plates for cars can be made if 
each plate consists of 2 different capital letters (not 
0) one at each end and a number (not using 0) less than 
100,000 between th’e end letters 

5. How many 4-digit numbers greater than 5000 can be formed 
using the digits. 0, 2, 3, 4, 8, 9 (ho repetition of digits)? 

6. How many numbers of 4 digits each can be formed from the 
digits 0, 2, 3* 5f 6, 9 ? Of these how many are even? How 
many are divisible by 5? 

7. In how many relative orders can 8 people be seated at a 
round table? 

8. How many different 9-bead necklaces can be made from 9 
different colored beads? (necklace has no clasp) . 

9. In how many relative orders can 4 men and 4 women be seated 
' at a round table i* men and women are to alternate? 

10. In how many ways can 3 girls and 2 boys sit in a row of 
5 seats if the boys are not to sit together? 

11. How many different numbers of 8 digits each can be formed 

e 5, and two 7's. 

P? 



o 
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by the use of three l's, two 4' s, on 

i 
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12. Prom the digits 1 through 9 * all possible numbers of 5 
digits are formed. How many are divisible by 5? 

13. In how many ways can 4 different novels and 3 different 
mystery boolcs be arranged in a row on a shelf, if boots 
of the same variety are to be side by side? 

Answers to supplementary problems. 

1. 6 • 5 . 4 • 3 = 360 

2. 6 • 5 * 4 • 3 = 360 

3. 6 • 6 = 36 

4. 25 • 9 • 9 • 9 • 9 • 9 • 24 = 59*999*400 

5. 2 • 5 . 4 • 3 = 120 

6. (a) 5 • 5 • 4 • 3 = 300 



(b) 5 *4 *3 * 1 . 4 » 4 » 3 » 2 

ending in 6 not ending in 6 



(c) 



5 * _4 * 3 • ! . 4 * 4 * 3 . 1 

ending in 0 ending in 5 



= 156 
= 108 



7. Since the placement of the first person at any one of the 
8 chairs will not change the relative order of the people, 
the placement of the other seven are only to be considered. 
Hence 71 = 5040. 

8 * ^ = 20,160. 

9. 31 • 4 1 The placement of the first man or first woman does 

not matter after seating the first man or woman there are 
4 1 ways of placing the 4 men or women and 31 ways of placing 
the rest of the sex seated first. 

10. The number of ways of placing the 5 people without regard 

O to order is 51. The number of ways of placing them so that 

ERIC 
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the hoys sit together is (2 • 1 • 3 • 2 • l) • 4 hence the 
number of ways where the hoys do not sit together is 
51 - 2 . 1 • 3 • 2 • l • 4 - 72. 

11 . g yff g , = 1680. 

12. 8 • 7 • 6 • 5 * 1 

13. 4l • 31 • 2 = 288. 



5.4 The Power Set of a Set and 5.5 Number of Subsets of a 
Given Size (Time: 4 days at least) 



O 
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Before considering the problem of finding the number of 
subsets having r elements that can be formed from a set 
having n elements, we consider the more general problem of 
finding the power set of a set. The power set of a set S, 
denoted <?(S), is the set whose elements are the subsets of S. 
Thus 0(S) contains all of the r-member subsets of a set S, 
with n elements, where r < n. £(s) is developed inductively 
making use of mapping diagrams and CP’ and n(#(s) ) is found 
to be 2 11 , Then for any r and n with the above restrictions, the 
set, whose members are the r-member subsets of S, is a subset 
of #(s). For sets with a reasonably small finite cardinal 
number of members, it is easy enough to tabulate the power 
set and thus find the number of r-member subsets for any r < n. 
However, since this is not always practicable, a general 
formula is developed to find the number of r-member subsets as 
mentioned above . 

Hi example 2, refers to the number of subsets having 2 
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elements which can be formed from a set having 5 elements. 
Traditionally in the literature this has been called the 
number of combinations of 5 things taken 2 at a time. However, 
we introduce this idea in terms of sets and mappings and' CP in 
order to relate to the rest of the course; also, the word 
"combinations" does little to elucidate the concept. In this 
particular example the number of one-to-one mappings of the 
set {l, 2) to the 2-member subset (a, b} of the 5-member set 
{a, b, c, d, e} is found to be 2[. Since would be the 
number of such mappings from any 2 - member subset of the 

, the number 

of 2 - member subsets, would give the total number of mappings 
of a 2 - member set to a 5 - member set. Since we have 
already learned that this is (5)g, the counting principle yields: 



above 5 - member set, the product of 21 and 



0 



Furthermore, 




= 10 . 



Then another specific case is developed to find the number 

of 3-member subsets of a 7-member set. The formula for the 

general case of finding the number of r-member subsets of an 

n-member set then becomes an exercise in proof. 

Since it is often easier to compute the number of 

(n - r) member subsets than the number of r-member subsets, and 

since these two numbers are the same for a given r and n, we 

have another theorem to prove; («) = ( n .) 

'r 'n - T r 
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5.6 Exercises 



35 

2 6 = 


64; 20 


2. 


792 


(a) 


35 


(b) 


792 


(a) 


56 


(b) 


8 • 7 * 6 = 336 


(a) 


(i M 


I) ■ (!) 






5 • 4 

vr— 


+ 4 = 


6 * 5.4 

— <■ -n — 



(c) 20 



10 + 10 = 20 



< b) (m-l) + (m) - Por a11 m < n ' 

n(n-l) . . ,(n-(m-l)+l)(n-m+l) 1 , n(n-i) . . .(n-m+l)(n-m) 1 
= itarn (n-m+lfi + (m)l V ‘(n-m) 1 . ' 

_ n(n-l) . . ,(n-(m-l)+l) . n(n-l) . ,.(n-m+l) 

(m-l) 1 ml 

_ n(n-l) „ .(n-m+2) n(n-l) . . .(n-m+l) 

(m-l) 1 ml 

_ n(n-l) . . .(n-m+2) n(n-l ) . . . ( n-nrt-2) ( n-m+l) 

(m-l) 1 + m(m-l) 1 

_ mfn(n-l) . . .( n-m+2) ] fn(n-l) . . .(n-m+2) ](n-m+l) 
m(m-l) 1 + m(m-l) 1 

(m+n-m+l ) ( n( n-1 ) . . . ( n-m+2) 

_ (n+l)(n)(n-l) . . .(n-m+2) # [(n+l) -- mil 

m * [(n+l) - m]l 

= (n+l)(n)(n-l) . . .((irt||-m+l)( jn+l)~m) 1 

_ (n+l) l 

mT '((nW.) - m) 



o 
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Q.E.D. 
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8 , 



<a) (VK;i) = (y + i) 

(b) Since y<x-lAy+l<x-l A y + 1 < x 
then x > y + 1 Ax>y + 2 A x > y + 1 
therefore x > y + 2 

If n > ° VoJ " (n - of fot “ ni li “ nT “ 1 



9. 



A 


1 


1 


1 


1 


1 


2 


, 3 


4 


s 


1 


, 3 , 


6 


10 , 


15, 


■ 

1 

( 


4 


, 10 


20 


, 35, 


1 . 


, 


, 15 


35 , 


.12 



Problem No. 10 should have been eliminated from text and each 

of the problem numbers following be decreased by 1. 

« _ v ~ v /n\ nl _ n(n - l) 1 

10. If n > 0 — => - (n r 1) I rr ( n - 1)1 " n 



11. If n = 4 



L (:) ■ 6 ' * 0 * 0 * $ 4 *) 



1+4+6+4+1 

= 1 6 or 2^. 

12. (a) Since this is a problem of finding the number of 

subsets of a set with n elements, one can simply 
observe that selecting any subset is a matter of 
making one of two possible choices for each of the 
n elements. In other words, for each of the n 
elements^ one selects or rejects. The Counting 

Principle shows that the number of ways of making 

O 

ERJC this set of selections is: 
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2*2.2... • 2 or 2". 



(n factors) 

(b) If you have a set with x subsets, then adding one 
element will double the number of subsets which 
gives 2x subsets. This is because for each of the 
x subsets you can make another unique subset by 
including the additional element. Then it is easy 
to show that the statement in the exercise is true 
for n = 1. Also, from the above argument, if the 
statement is true for some particular n, it also 
holds for the successor of n. Note that doubling 
2 11 gives 2 n+ ^ and as we noted above, adding 1 to the 
number of elements in a set doubles the number of 
subsets . 



13. 


If n > 0 


Q - nr 


(n - n) 1 


nIOl 


ni • 1 nt 


14. 


(a) 0 




(b) 


0 


(c) 0 




(d) 0 




(e) 


0 




15. 


®)- *■ 


* 51 * ... 

TTT 


— = 635# 013, 599,600 


16 . 


a — >1 








a 






c 

a 

b, 

c 



b^ 



c 

a 

b 









i 

a 
c 





v 



o 
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17 . 



18. 



19. 



There are 2 choices of an image for each of the 3 elements 
in the domain. Therefore, by CP the number of mappings 
is 2 3 = 8. 

In this case you have a choices for the image of each 
of b elements. By CP the number of possible mappings 
is a 13 . 

(a) Since each pair of the four nodes determines a 
path, the number of paths in each graph is the 
number of pairs that can be selected from 4 nodes. 



This is and the number for the two graphs is 
2 • ©• 

(b) Since each of the 4 nodes in Graph I is connected 
to each of the 4 nodes in Graph II, the CP gives 

4 * 4 or 16 additional paths to complete the graph 
for 8 nodes. 

(c) Since each pair of the 8 nodes determines a path, 
there are or 2 P aths in the new S ra Ph * 

(d) We started with 2 graphs each or 4 nodes, and (^j 



paths. Then we added 16 paths to complete the 
8 -node graph. The result would be the number of 
paths in an 8 -node graph: 




12 + 16 = 28 
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20. (a) 2 (!) +5’ = ( 2 ! 5 ) 



(b) 


• CVI 
CVJ 

q 

+ 

c: cvj 

CVI 










(c) 1 


2Mi 


S) + 6 • 4 - ( 6 2 


4 ) 


or 








15 + 6 


+ 24 = 45 










(a) 


(3)M 


?) ♦ » • - - ( n 2 m ; 


). 






Show 


that 2 


^3 

+ 

n 




=3> n(n - I 5 


+ n a 


= n( 


SLsli 


l£=ii + 


„> = 




r.(n-l) + n a 


= n( 


2n-l) 










n a - n + n a 


= n( 


2n-l) 


n(n-I 


L) + n a 


= n(2n-l) 




2n a - n 


= n( 


2n-l) 


n a - 


n + n a 


= n(2n-l) 




n(2n-l) 


= n( 


2n-l) 


2n a ■ 


- n 


= n(2n-l) 










n(2n- 


-1) 


= n(2n-l) 











22 . 




hence the original statements are equivalent. 

(a) Using the axioms of the affine geometry in chapter 

III it is easy to show that any one of the lines 

with k points will be intersected by each of a set 

of k mutually parallel lines in each of the k points. 

2 

This gives k points. The question remains to show 
that these are all of the points of v. Adding another 
point will force you to add another point to each 
line and another line to each point if you don't 
wish to violate the parallel axiom. See the teaching 
guide on affine geometry for more detailed information 
on the geometric aspects. 
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/ \ 2 

(b) There are k points and k + 1 lines on each point. 

2 

If you form the product, k (k + l), you will be 

counting each line k times, since there are k 

points on each line. So one must divide k (k + l) 

by k giving k(k + l) lines in tt. 

(b) First alternate solution. 

2 

If there are k points in space then you can take 

^ element subsets) to name lines in space, however 

there will be (|) of these pairs that will name 
the same lines. Therefore the actual number of lines 
.In space will be: 

Vg ) _ ~JZZ I = k(k - 1) 

(I) " isspr 

, ft M* ± 1){K . K(k + 1) . 

(b) Second alternate solution: 

Every line contains k points there are k + 1 lines 
that pass through each of these k points (by axiom 
3 and theorem 11 of affine geometry chapter 3 of Course 
III) . Hence there are k( k + l) lines in space . 

23. (”) = ( n ) r > where r < n and r, n 6 Z + . Consider the 

one-to-one mappings of a set. A, of r members onto an 
r-member subset of a set, B, of n members. We already 
know that there are rl such mappings. Therefore for each 
r-member subset of B there are rl one-to-one mappings of 
A to such a subset. The number of r-member subsets of B 
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i s (p). Therefore the total number of one-to-one 
mappings of A to B is ri (^). But by definition, the 
number of such mappings is (n) r . Therefore rj(”) = (n) r . 

pi, / n \ n . nl _ nl _ /n 

* vn-rj “ (n-r)'i (n-(n-r))l ( n-r ) 1 r 1 ri(n-r) 1 vr 

Therefore, ( n _ r ) - ( r )* 

The following are additiona l word problem s relating to 

combinations and their answers to be used at the discretion 

of the teacher. 

Combinations 

1. How many triangles can be drawn if their vertices are 
chosen from 10 points, no 3 points are collinear? 

2. How many parallelograms are formed if a set of 4 parallel 
lines intersects another set of 6 parallel lines? 

3. From a suit of 13 cards, how many hands of 5 cards each 
can be dealt to a player? 

4. In Number 3 » how many of these hands must include a king? 

5. In how many ways can a hostess select 6 luncheon guests 
from 10 women if she must avoid having 2 particular 
women together? 

6. Prom a group of 6 men in how many ways can you choose a 
committee of at least 4 men? 

7. If 2 dice are tossed, in how many ways can a sum of 6 be 
thrown? 

8. How many combinations of 3 letters each can be formed from 
5 given distinct letters if repetitions are allowed? 

^ In how many ways can 6 objects be divided into 2 equal 

7 
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10. If 6 coins are tossed together, in how many ways will 
(a) all fall heads? (b) just 2 fall heads? 

11 . If 7 coins are tossed together, in how many ways can 
they fall with at most 3 heads? 

12. One bag contains 6 white and 8 black balls. A second 
bag contains 3 white and 6 black balls. How many ways 
can 6 balls consisting of 4 black and 2 white balls be 
drawn if all the balls must come from the same bag? 

13. How many distinguishable combinations can be formed from 
the digits (2, 2, 2, 3, 4, 5, 6) taken 3 at a time? 

14. From the digits (l, 2, 3, 4, 5, 6, 7) how many numbers 
of 4 different digits each can be formed if each number 
must contain 2 odd and 2 even digits? 



Answers to Problems on Combination 




any 6 always includes 2 

6 * (t) + (5) + (b) = 15 + 6 + 

o 
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7. 

8 . 





none repeated 



, ®. 

(3# 3) 5 ways. 

+ one repeated twice 



+ 



one repeated 3 times 



(1) (2)(i)(J) (5)(i)(i) 





10 


+ 


20 


>■ G)(i) 

~“2i 


= 10 




10. (a) 


1 


(« (X 


)- 1 


11 . all 


tails 


i , + one head 


i 


(?) 

1 


- (!) (1) 
+ 7 


ia - (S) 


•ffi 


i + ( 4 ) • ( 


I) ■ 


13. 3 - 


2's 


+ 2 - 2's 


+ 


(1 


) 


* (!)•(!) 


+ 


1 


./ 


+ 4 


+ 


14. (|) 


• (?; 


) • 41 = 432. 



5.7 The Binomial Theorem (Time 



+ 5 = 35 



= 15 



+ 2 heads 


+ 3 heads 


* (a)(1) 


+ (5)(S) 


+ 21 


+35 = 64. 


1095. 

1-2 + 


no . 2's. 


m * 


(?) 


6 + 


4 



4 days) 



15 



The ideas in this section that lead to a statement of the 
binomial theorem are from those that have already been presented 
in this chapter on combinatorics along with mapping diagrams 
and examples. 

In particular the sequence of ideas and activities is as follows: 
(a) Raising a binomial to the 5th power by multiplication 
and observing not only the difficulty but also certain 
resulting patterns; 
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(t>) Raising a binomial to a power by repeated applications 
of the distributive property and examining the result 
which is the sum of products broken down into factors 
a and b; 

(c) Observing that the same products could have been found 

by selecting just one of a. or b from each of the binomial 
factors and illustrating all such selections with mapping 
diagrams. 

(d) The combinatoric form of the theorem is then developed 
through considering the number of mappings in which the 
second term in the binomial is the image of each 
particular number from 0 to n_. 

(e) This is then summarized in summation form and several 
examples are given. 

The material in this section should be mostly self-explanatory 
but discussion and experimenting will be helpful to students. 

5 . 8 Exercises 

1. (3+2) 2 = 5 2 = 25 

3 2 + 2 (3) (2) + 2 2 = 9 + 12 + 4 = 25 
. 2. (l+2) 3 = 3 3 = 27 

l 3 '+ 3(1) 2 (2) + 3 ( 1 ) (2 ) 2 +2 3 =1+6+ 12 +8= 27 
3. (a) a^ + 4a 3 b + 6a 2 b 2 + 4ab 3 + b^ 

42 22 p 2 l ^ (2 f, 

(b) x D + 6x D y + 15* y + 20x' / y' > + 15x y ¥ + 6x y D + y 

(c) c 7 + 7c 5 d + 21c 5 d 2 + 35c\a 3 + 35c 3 d 2 * + 21c 2 d 5 + 7ed 6 + d 7 

(d) a 10 + 10a 9 b + 45a 8 b 2 + 120a 7 b 3 + 210 a^b^ + 252a 5 b 5 + 

210a\ S + 120a 3 b 7 + 45a 2 b 8 + 10ab 9 + b 10 . 

IPO 
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4. (a) a* - 3a 2 b + 3ab 2 - b 3 

(b) x 4 - 4x 3 y + 6x 2 y 2 - 4xy 3 + y 4 

. * s 4 p p p p its 

(c) 8? - 5a b + lOa-'b - 10a*V + 5ab^ - \P 

(d) x° - 6x^y + 15x 4 y 2 - 20x 3 y 3 + 15 x 2 y 4 - 6xy^ + y^ 

5. 11 . 

6. a. (x+1) 3 = x 3 + 3 x 2 (1) + 3x(l) 2 + (l) 3 

= x 3 + 3x 2 + 3x + 1 

b. (x-l) 3 - x 3 - 3 x 2 (1) + 3x(l) 2 - (l) 3 
- x 3 - 3x 2 + 3x - 1 

7. a. (x+2) 4 - x 4 + 4 x 3 (2) + 6x 2 (2} 2 + 4x(2) 3 + (2) 4 

■ x 4 + 8x 3 + 24x 2 + 32x + 16 . 

b. (x-2) 4 = x 4 - 8x 3 + 24x 2 - 32x + 16. 



c. 
8. a. 
b. 



(x-|) 4 = x 4 - 2x 3 + |x 2 - ix + ^ 

(2x+l)-> = 32x^ + l6x 4 + 8x 3 + 4x 2 + 2x + 1 
(2x - 1)^ = 32x^ - I6x 4 + 8x 3 - 4x 2 + 2X - 1 



9. a. lx 20 - 20 x 1 9 + 190x 18 

b. lx 8 + 4x^ + 7x 8 

c. - 12 8 x^ - 64x 8 - 32x^ 



10. (l+l) n = (g) l n + (?) l n— 1 (l ) + ... + (?) l n 
= (?) + (?) + ... + (?) - 2 n . 

The above sum is the number of subsets of a set with n elements 
rn ^„ Prom previous work we know that this is 2 n . 

EKLC 

101 
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11. (a.) (l.Ol) 5 = 1.0510100501 . 

(b) ( . 99) 5 = 0.9509900499 . 

12. For n = 1 this becomes (l+x)^" > 1 + lx which is true. 

For n = 2 this becomes (l+x)^ > 1 + 2x or 1 + 2x + x* > 1 + 2x . 

2 

This is also true since x >0. 

Then for all n greater than 2, the first two terms of the ex- 
pansion on the left will be 1 + nx and in addition there will be 
other terms all of which will be positive. Therefore the expression 
on the leit will represent a number greater than or equal to the 



number represented by the expression on the right for all x > 0 and 
positive values of n. 

13. We shall consider the task of selecting exactly one of the 
two numbers a or b from each of the six factors (a+b) in (a+b) . 

Since the number of times a_ is selected is uniquely determined by 
the number of times Id is selected in performing the above task, 
we can find the coefficients of the binomial expansion by finding 
the number of ways that b can be selected 0 times, 1 time, etc. up 
to 6 times. 

The number of ways that b may be selected from 0 of the 6 

factors is ( Q ) or 1. But this is the same as selecting a from 

each of the 6 factors producing a~ for which the coefficient will 
6 

then be 1 or ( Q ) . Therefore the first tern in the binomial expansion 
will be 

< 0 > a 6 . 

The other terns may be found in a similar manner giving: 



(°)a° + (*)a 5 b + (°) aV + (°)£V + (paV* + ("Jab? + (g)b' 

6 

Q Is can be summarized as: (a+b)° = ) (°) £° -r b r 



r6x„4 u 2 ^ /6\ 0 3i,3 



-bs_2, 4 



’6< 



: 5 



6\,6 
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5.9 Mathematical Induction (Time: At least 5 days) 

The first example stated in the text was designed to 
make students wary of generalizing too quickly; in particular, 
generalizing on the validity of a finite number of cases. It 
might be meaningful and dramatic to ask various members of 
the class to replace n, in the expression n s - n + 41, by 
natural numbers from l-4l (at least). Have the group observe 
that you really do generate primes until n = 4l. An Interesting 
group discussion question might be: 

How can you predict, before replacement, that n s - n + 4l 
is composite when n = 4l? Could any quadratic expression, 
ax® + bx + c, generate only primes when x is successively 
replaced by natural numbers? 

The first problem in the text that leads into PMI is to 
prove that for every n, 

1 + 2 + 3 + . . . + n = n(n + 1 ) . 

2 

Students may legitimately question the verification of such a 
formula for very large n. The text does this only for n = 8 
and n - 11. How might we informally justify such a seemingly 
magical result? If you consider the sum in question, written 
two different ways, 

1 + 2 + 3 + ...+i+ . . . + n and 
n + (n - l) + (n - 2) + ... + (n - i + l) + ... + 1 
and add you get (n + l) + (n + l) + (n + l) +...+(n + l)+...+(n + 1). 
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Thus , 2(1 + 2 + 3 +. . .+n) — (n + l) + (n + l) +.».+(n + 1) = 

n(n + l). Consequently, 1+2+3+ . .. + n = n(n + l) . 

2 

Though this method, attributed to Gauss, does suggest the 
result, there is a concealed use of mathematical induction; 
one has to apply PMI to show that 
n n 

^ i = Y, (n-i+l) and that 
i=l i=l 

n n n 

Y 1 + Y, (« “ i + 1) = Y [i + (n - i + 1)] 
i=l i=l i=l 

= n(n + l) . 

The domino effect was included as a visual aid to explain 
PMI. It must be emphasized that the dominoes have to be 
properly oriented and space for the effect to be applicable. 

The situation is summarized as: 

1. The first domino falls down 

2. If a particular domino falls, then the next one falls 
too. 

3. (Therefore), all dominoes fall down. 

Translated into mathematical terms, say in terms of a 

sequence of statements f l# f s , ... f n , ... the argument takes the 
form: 

(l) f x is true, (f can be verified for n = l) 

(2.) Whenever f fe is true, then f fc + 1 is true too. 

(Whenever f can be verified for n = k, it can 
also be verified for n = k + l). 

(3) (Therefore) f n is true, for every n € Z + . 

kmaffaHaaaa O 
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i. 

The pedagogical difficulty that must be recognized here is 
that the arguments above are not logically sound; in other 
words, the use of the word "therefore” is not Justified by 
logic. The acceptance of the "conclusion" must be considered 
as the acceptance of a hitherto unobserved property of the 
natural numbers. This means that we take the principle of 
mathematical induction as an axiom of the natural numbers. 

This was precisely what Peano did in his characterization of 
the natural numbers. 

Following Peano, we consider a set N and a function 
g:N—>N (the set of natural numbers N and the successor 
function g) such that: 

Axiom 1. for each natural number n € N, there is a unique 
successor g(n) € N (the next natural number). 

Axiom 2. If m, n € N and m / n, then g(m) / g(nL ^ 

Axiom 3. There is a unique natural number, denotedds 1, that 
is not the successor of any natural number. 

Axioms 1, 2, and 3 simply state that g is a 1-1 mapping of N 
onto N| (1) . Now, the principle of mathematical induction 
assumes the form: 

Axiom 4. If S c N such that 1 € S and k € S — *-g(k) € S, 
then S = N. 

To show the necessity of postulating "mathematical induction" 
to characterize the natural numbers (up to isomorphism); that 
is, to show that Axiom 4 does not follow logically from 
Axioms 1, 2, and 3; it is sufficient to exhibit a set Ni ^ N for 

ERIC 




which Axioms 1, 2, and 3 are true but for which Axiom 4 is 
not true. 

Let Z = [(a, b): a £ N and b £ N} . Z d N = j 6. 

Let N - ! = I y Z and define the successor function g^Nj, — >N X 
as follows: 

If n £ N x , then n 51 or n £ Z. 

If n £ N, define g^n) = g(n) where g is the successor 

function of N. 

If n € Z, then n = (p, q) where p, q £ N. 

Define gi(n) = gjp, q) » (p + 1, q). 

Verify that N x and g x satisfy Axioms 1, 2, and 3. To show 
that Axiom 4 is not true, consider S = N. Now 1 £ S and 
k £ S — >(k + l) £ S. However, S ^ N l# The principle of 
mathematical induction does not characterize and is seen 
to be Independent of Axioms 1, 2, and 3. Starting with the 
Peano axioms and general set-theoretic principles, it is 
possible to go on to construct the integers, rational numbers, 
real numbers, and complex numbers. 

If one is willing, however, to begin with the real 
number system, then the natural numbers may be defined in such 
a way that the principle of mathematical induction becomes a 
theorem. This, of course, is not the position taken in the 
text. It is presented solely as background material for the 
instructor. 

Beginning, with R, the set of Reals, we define: 

Definition 1. If x £ R, then x + 1 is called the 
successor of x. 
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Definition 2. If S c R, then S is called a successor 
subset of R if and only if: 

(a) 1 € S 

(b) S contains the successor of each of 
its members, (x € S — >(x+l) € S). 

Observe that there are .many sets that are successor subsets 
of R as well as many that are not. R, itself; Q, the set of 
rational numbers and Z, the set of integers are all successor 
subsets of R. On the oth hand, the set of irrational 
numbers, the even integers, and the prime numbers are not. 

Theorem 1. The intersection of any collection of successor 
subsets of R is a successor subset of R. 

Proof. Let S^, S^, S 3 , ... S^, ... be a collection 

of successor subsets of R. Let P = 0 S . 

oc oc 

1 € S , for each «, since S is a successor 
subset of R. Thus 1 € P. Let k € F. This 
means that k € S^, for every «. But again, 
since each S is a successor subset of R, 

OC 

(k + l) € S^. Thus, (k + 1) € P. W e have 
shown that 

(a) 1 € P 

(b) k € P — >(k + 1) € P. 

This means that P is a successor subset of R. 
Definition 3. Let N be the intersection of all successor 
subsets of R. The members of N are called 



natural numbers 
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By Theorem 1, N itself is a successor subset of R. Though 
the definition avoids naming the elements of N, N must include 
precisely the elem its 1 , 1+1, 1+1+1 etc. The principle of 
mathematical induction, phrased in the language of "successor 
subsets," may now be stated as a theorem. 

Theorem 2. Let N be the set of natural numbers. If 

S c N and if S is a successor subset of R, 

then S = N. 

Proof . It is given that S c N. Now, S is a successor 

subset of R and, by Definition 3, N is the 
intersection of all successor subsets of R. 
Thus, N c S. Consequently, S = N. • 

The text states the principle of mathematical induction 
in set-theoretic language (PMl) and in terms of a sequence 
of statements (PMI 1 ). The definition of a sequence will have 
to be reviewed. Since the domain of a sequence is always 
Z , it is customary to describe the sequence by its terms 

(range values) f x , f s , ... f , .... In the context of this 

section, the student is concerned only with sequences whose 
codomains consist entirely of statements; hence the expression 
"sequence of statements." In Course IV, Chapter 2, the 
emphasis will be on sequences of numbers; that is on sequences 
whose codomains consist of real numbers. The student should 
have some experience approaching a problem through PMI and 
through PMI 1 but neither orientation should be emphasized as 
being intrinsically more acceptable. 

er|c 
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Students will probably need help in interpreting statements 

such asl+2+3+...+n= n(n + l) or 2 + 4 + 6 +. . . + 2n = 

2 

n(n + 1); in particular, what do such statements mean when 
n = 1. Also, in going from the assumption that f k is true to 
the proof that f k+ i is true, there may be some difficulty 
transforming the statement f^ into the statement f^ + ^. Adding 
a particular term to both sides of an equation is not a 
magical process, reserved for mathematicians. This, in fact, 
is a good opportunity to review the student' s present 
algebraic skills and to prepare him for the next chapter. 

The Exercises in Section 5»10 illustrate the necessity 
of both conditions in the principle of mathematical induction. 
Though the greater effort is usually invested in the second 
condition (k € S -» (k+l) *: S), the first condition (1 € S) 
is equally as important. Exercise 4 is a simple but striking 
example that this is so. 

Don' t expect all students to understand mathematical 
induction the first time around. Now that it is included in 
Course III, it will be relied on frequently in subsequent 
course work. Students will have many opportunities to ponder 
over this principle and to apply it co a great variety of 
mathematical situations. 



eric 
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5.10 Solutions 

n n 

1. (a) Prove £ ^ = ^ Y 

i=l i=l 

x x 

Let S = [x:x € Z + and } 7a^ = 7 £ a.^} 

i=l i=l 

1 1 

Since £ 7a ± = 7a ± and 7 ]T a ± = 7*a i , 1 € S. 

i=l i=l 

Assume k € S and show k + 1 € S. k € S implies 
7a i + 7a a + ... 7a^ = 7(a^ + a 3 + ... + a^) 

Add 7a^ +1 to both sides. 

7a i + 7a a + ... + 7a^ + 7a^^ = 7(a* + a 8 +...+a^) + 7a^^ 

= 7(aj + a 3 +...+a k + a k+ ^) 

Thus, k + 1 € S. 

By PMI, S = Z + . 



(b) Prove: 

l 8 •> ,a + ? a + ... + n a = n - l n - - + - , 1 . ) . for every 

n € Z' , 



Define the sequence of statements f x . f a , ... f , ... 

where f is the statement I s + P 8 + . . . + n 8 = 
n 

n(n + l^(Pn + ^ 

Since - + - + ?■) . - = l = l 2 we may say 




that f x is true. 
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Assume Is true and show that f ^ ^ is true 



I s + 2 3 + ... k 2 = k(k 



±X^JL 



1 ) 



Add (k + l) 2 to both sides. 

I 2 + 2 2 + ... + k 2 + (k + l) 2 = k(k+l^(2k+l) + (k+1 ): 

= k(k+l)(2k+l)+ 6 (k+l) 2 

5 



= (k+l)f(k(2k+l) + 6(k+l)1 

6 



(k+l) (2k 2 + 7k + 6) 

5 

= ( k+l ) ( k+2 )(2k+3 ) 

6 

= (k+l) ((k+l) + l) (2 (k+l) + 1) 

o 

Thus f k+1 is true. 

By PMI 1 , f is true for every n € Z + . 

(c) Prove: 

2 - 3 + F 

Since ^ < 1, we see that is true. 

Assume f. is true and show that f k+ ^ must he true’ 



1 , 1 , 1 . . _ 1 _ s „ 

77 + “ + TT + ••• + “TT \ n . 

2 n 



O 
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is the statement ^ + J + |" + • • • + "Tc ^ k 



and f^ + ^ is the statement 



2 k ^2 k +l T 2 k +2 




lr 

2 terms 



where the number of terms added to the left hand side 

Ir 

of f fc is 2. To prove f k+1 true we must show that the 

Ir 

sum of these 2 terms is less than 1 



i«e. i, + T7 + ••• + i,,i ^ 1« 



ir •lr 

2 k +1 2+2 



,k+l 



Since each term on the left is less than 



,k J 




lr 

2 terms 



Therefore, 

nr” + nr- + ••• + nfer < i 

2+1 2+2 2 K+1 



Thus, 



r + t + v* ••• + + 



+ ,F ^ k+1. 



O 
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Consequently f^+i is true. 

By PMI 1 , the statement f is true, for every n € Z + . 

- 2 n 

(d) Using PMI to prove that — — € N for every 

+ 4 
n € T 

Let S = {x: x € Z and - — €. N} 

li + 

Since 2 £_ = 1*1 1 € Z => 1 € S. 

4 4 

Assume that k 6 S and show that k + 1 € S. 

6 k - 2 k 

Let ^ = P where p € N 

then 6 k - 2 k = 4p, 
and 6 k = 4p + 2 k . 

gk+1 _ gk+l 

. 4* = 

= 6«6 k - 2.2 k 
4 

= 6(4p + 2 k ) - 2«2 k 
4 

= 24p + 6«2 k - 2*2 k 
4 

_ 24p + 2 k (6 - 2) 

4 

= 24p + 2 k (4) 

4 

= 4(6p + 2 k ) 

4 

= 6p + 2 k 

Since 6p + 2 k € Z + then k t 1 ? S, 

Hence by PMI S = Z + . 




f 
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(e) Prove that — — g + — ) is a natural number for every n f Z + . 
Define the sequence of statements f 1 , f 8 , ... f n , . . „ 
where f is the statement 

i.) i s a natural number. 



Since — ^ = -i— 1. = i and 1 is a natural number> 

2 2 

we may say that fj is true. 

Let us assume f^ is true and prove that f k4 ^ is true. 

= p, where p is a natural number. 

Now (k+DI(k+l_) + 13 = (k+l)(fefg) = (ktl)k + (k+l)(2) 



* P + (k + 1) 

Since p Z + and (k + 1} e Z + , p + (k + 1) ? Z + . 
Thus f fc+1 is true. 

By PMI 1 , f n is true, for every n. 



(f ) Prove J + ^ + + ••• + \ = |U " •%) for every 

» 3 3 

n € Z . 

Let S = {x:x € zt .and j- +— ^ -+ ... + ~ = ~(1 - 

3 3 

Since jy(l - ^-) = §‘(j) =s we may say that 1 e S, 
Let us assume that k e S and show that (k + 1) c s. 



1 

7 



+ 



■ 1 

57 







Add rwr to both sides. 
3 



7 + 9 + 57 + 



1 

rtsr 



- la - + 



i 

3 k + ! 
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= h 1 - <pr» 

“ ~ jk+l^ 



Thus, (k + 1) ? S. 
By FMI, S = Z + . 



(g) Prove: 1+2 + 4 + 8+ ...+ 2 n_ ^ * 2 n - 1 for every 

n € Z + . 

W- Let fj , f 8 , . . . f , . . . be a sequence of statements 

where f_ is the statement: 
h 



1+2+4+8+ ... + 2 n “ 1 = 2 n - 
Since 1=2* - 1 we may say that fj is true. 
Let us assume f^ is true and show that f^ + ^ 



1 



is true. 



1 + 2 + 4 + 8 + ... + 2 k “ 1 = 2 k - 1 



O 
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Add 2 k to both sides “ ” ~ 

1 + 2 + 4 + 8 + ... + 2 k “ 1 + 2 k = 2 k - 1 + 2 k 

= 2 k + 2 k - 1 
= 2*2 k - 1 
= 2 k+1 - 1 

Thus, f . ^ is true. 

By FMI 1 , f is true, for every n € z + . 



Or* 
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2 . 



Let Aj., A s , ... be non-empty sets and let n(A i ) = 

for 1 - 1 , 2 , ... k, where each r^ C Z + . Let A,' x A a x ... 

x A^ = {( a x , flg , ... ) • a^ ^ A ^ i = 1 , 2> ... k ) . 

Then, n(A, x A s x . . . x A^) = r x **rg ... r fc . 

Define the sequence of statements f 1 . f a , ... f^, ... 
where f fc is the statement: 



n(Aj x Ag x ... x A fc ) * r,’r 8 ... r fe (assuming that 
n(A ± ) = r.,). 



Since n(A 4 ) = r x , the statement f x is true. 

Let us assume that f k is true and show that ;C k+ ^ 
n(A x x A s x ... x A fc ) = r x *r 3 ... r fc 



is true 



Now A x x A s x ... x A k x A fe+1 = {(a x , a s , ... a fe , a fe+1 ) 
where a^ € A^ for i = 1, 2, ... k + l}. The (k + 1) tuple 
(&i , a 8 , ... a fc , a fc+1 ) may be viewed as the adjuncting of 
a k+l to tne ( a i> a s> ••• a k )* In this way, we 

see that we form the elements of A t x A a x ... A k+ ^ by 
ad June ting the elements of A k+ ^, one at a time, to the 
elements of A x x A, x ... x A fe . If two elements in A v x 
A a x ... x A k are distinct, then the adjunction of an 
element in A k+ -^ to each will product two distinct elements 
in A x x A s x ... x A k x A k+1 . Since n(A x x A, x ... A fc ) 
a rj'r, ... r fc and n (A k+1 j = r fc+1 > the number of elements 
in A x x A a x ... x A fc x A k+1 is (r x t 2 *r 3 ... r k )* r fc+1 = 
r x r 3 r 3 . . .r k *r k+1 . Thus, f fc+1 is true. By PMI 1 , f fc is 
true, for every k € Z + , 
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3. When one reasons by "induction," one reaches his 
conclusions based upon the verification of a finite 
number of cases (hopefully large). We observed, in the 
text, that the inferences drawn through inductively 
reasoning are not always conclusive; that is, inductive 
reasoning does not constitute mathematical "proof." The 
Principle of Mathematical Induction is a postulate about 
the natural numbers, which permits generalizations to be 
made about all natural numbers under specified conditions 
(PMI or PMI 1 ) . 

4. T = (n:n € Z + and n = n + 1} 

Let k 6 T. This means that k € Z + and 

(1) k = k + 1. Add 1 to both sides of (l). 
k + 1 = (k + 1) + 1. 

This means that (k + l) € T. 

We may not conclude that T = Z + since we cannot show that 
1 € T. 

5. Let S = [n:n € Z + and the number of diagonals in a polygon 

of n sides-ls"-n {n — 3- )}. If n- =-3, - the polygon is a triangle 

2 

--no diagonals may be drawn. In the case n = 3, 
n ( n 3 ) = 3 ( 3 ~ 1) - = o; we see that 3 € S. 

Let us assume that k € S and show that (k + l) € S. 

We are assuming that in a polygon of k sides, k(k - 3) 

2 

diagonals may be drawn. Suppose the polygon in Figure 1 
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has k sides. 



Figure 1 

If we now have (k + l) sides, we have one addition vertex, 

say X. This is illustrated in Figure 2. 

~\ 



a/ 



Figure 2 

Each diagonal that can "be drawn in Figure 1 can be drawn 
in Figure 2. The side AB in Figure 1 is now a diagonal of 
Figure 2. Thus, we gain one diagonal. In addition, we 
may connect X and any vertex other than A or B to form a 
new diagonal in the polygon of Figure 2 . This produces 
(k ~ 2) new diagonals. 

Thus, the total number of diagonals in Figure 2 is 



k(k 



^- + 1+ (k -2) = + 



k - 1 



k(k - 3) + 2(k - 1) 
2 

k 2 - 3k + 2k - 2 



k 3 - k - 2 



_ (k + l)(k - 2 \ 
2 



_ (k ± l)r(k + 1 ) - 31 
2 



Thus, k + 1 € S. 

By PMI (modified), S contains every natural number x ^ 3. 



ERjt 
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6. Prove or disprove the assertion: 

For every natural number n, 2 n > 3n. 

When n = 1, 2 1 = 2 and 3n -3. Thus, the assertion is 
not true for every natural number. Table 1 reveals that 



n 


2 n 


3n 


JL 


2 


3 


2 


4 


6 


3 


8 


9 


4 


16 


12 


5 


32 


15 



the assertion seems to be true, beginning with n = 4. 

Let S = (n:n € Z + and 2 n > 3n} . 

We know 1 A S, 2 4 S, 3 £ S, but 4 € S. 

Let us assume that k € S and show that (k + l) 5 S. 

k v 

We assume 2 > 3k. 

Now, 2 k+1 = 2*2 k > 2 *3k = 3k + 3k > 3k + 3 = 3(k + l). 
Thus, (k + 1) f S. 

By the modified Principle of Mathematical Induction, we 

may say that S contains every natural number n ^ 4. 

7. Let f x , f s , f 3 , ... f ... be a sequence of statements 

where f is the statement 

n „ a (-> „n+l\ 

a + ar + ar a + . . . + ar n = — — ^ —p * for r / 1 . 

Since a ( 1 -“ H 1+1 ) = a d ~ ZH = a(l + r)(l - r) 

omce x - r 1 - r 1 - r 

= a(l + r) = a + ar, 
we see that f is true. 

ERLC Let us assume f. is true and stow that f. ^ is true. 
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k+1- 



A k _ a( 1 - r— ) 
+ ar + ar 9 + . . . + ar - x - r 



K k+1 = afl - r^ + a r k+1 



Add ar k+1 to both sides. 

a + ar + ar 9 + . . . + ar + 1 - r 

a(l - - k+1 ) ± ^ k+1 f 1 " r ^- 

= 1. - r 



= a[ 



1 _ r k+l . r ^+l - r k+1 * rl 

r^r “ ’ 



,71 - r( k+1 ) +1 ) 
1 - r 



Thus, f k+1 is true. 



By PMI 1 , we conclude that f ft is true, for every n € Z * 

8. a. Assertion x 3 - x = 0 

Let s = fn: n € Z + and n a - n = 0} . 

Since l 3 “ 1 = 0, 1 € S. 

Assume k € S and try to show that (k + l) € s * 
k 3 _ k = 0 or k 3 = k. 

( k + l)* - (k + i) > * 3 + i - ( k + D - k3 + 1 ' k ' 1 

« k 3 - k « 0. 

Since (k + l) 3 -(*+!>> 0, then (k +1) 3 > k + 1- 

Thus, (k + l) ^ S. 

PMI fails to he satisfied, 
b. We may say that the statement if 10 |n, then 

10 |n + 10 is true for each n € Z + . 

The form of this statement is (P => Q) * R. 

We must show that R is false since P * Q is always true, 

Therefore if we show that 1 T then T ^ Z + and 

therefore R is false, because PMI is not satisfied. 

Since 10 )[ 1 then 1 £ T hence T / Z + . _ 

% l ■ ft 
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c. 3+5+7+...+ (2n +1) = n 8 + 2 for every n € Z + . 

Let S = {n:n € Z + and 3 + 5 + 7 + ... + (2n + 1) = n 8 + 2}. 
Since 3 = l 8 + 2, we may say that 1 € S. 



8. d. 




Assume that k s S and try to show that (k + 1) € S, 



3 



/ou 



•w 



1^2 

rv. 



Add 2(k + 1) + 1 to both sides. 

3 + 5 + 7 + ... + (2k + 1) + [2 (k + l) + 1] 

= k 2 + 2 + [2 (k + 1) + 1] 

= k 2 + 2k + 5 
- k 3 + 2k + 1 + 4 
= (k + l) s + 4. 

Thus, k + 1 £ S. 

PMI fails to be satisfied. 
lOOn ^ n s for every n € Z + . 

Let S = (n: n f Z + and 100 n n 2 } . 

Since 100(1 ) l a , we see that 1 € S. 

Assume that k € ,S and try to show that (k + 1) € S; 
that is, assume 100k ^ k 2 and show that 
100(k + 1) ^ (k + l) 2 . 

100(k +1) - (k + l) a = 100k + 100 - (k a + 2k + l) 

= (100k - k 3 ) + 99 “ 2k. 

By hypothesis, we know that 100k - k s ^ 0. However, 
we cannot say that 99 - 2k ^ 0. We are unable to 
conclude that 100(k +1) - (k + l) a 0. 

Thus, we cannot show that (k + l) € S. 

Of course, the counter-example n = 101 also shows that 
lOOn > n a is false. _ 
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9. For every n 6 Z + , 2n < 2 n . 

I. Let S = {n:n <= Z + and 2n < 2 n ] 

Since 2*1 < 2 1 , 1 € S. 

Assume k € S and show that k + 1 <= S. 

Assume 2k < 2 k . 

Now 2(k + 1) = 2k + 2 < 2 k + 2 2 k + 2 k = 2«2 k 

= 2 k+1 . 

Thus, k + 1 6 S. 

By PMI, S = Z + . 

II. Let f t , f 8 , f.,, f n , ... be a sequence of statements 

where f is the statement: 
n 

2n <_ 2 n . 

Since 2*1 < 2 X , the statement f t is true. 

Assume the statement f. is true and show that f. is 

k k+1 

true. 

Assume 2k < 2 k . 

2(k + 1) = 2k + 2 <, 2 k + 2 2 k + 2 k = 2-2 k 

. 2 k+1 . 



Thus, f fc+1 is true. 

By PMI 1 , all the statements f in the sequence are true. 
10. Prove that for every n £ Z + , 

1 + 2 + 3 + ... + n = n + (n - 1) + (n - 2) + (n - 3) 

+ ... + 1 . 



Let f t , f ? , f 3 , ... f n , . . . be a sequence of statements 



O 
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where f n is the statement: 

1 + 2 + 3 + ... + n = n + (n - l) + (n - 2) + (n - 3) 
H - ... H - 1 . 

C( O 



• • • 
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f, is the statement 1=1. Thus, f, is true. 

Assume is true and show that f k+1 is true. 

Assume 1+2+3 + ... +k=k+ (k - 1) + (k - 2) + 

... +1 

Add (k + 1) to both sides. 

[l+2+3+...+k]+(k+l) 

= [k + (k - l) + (k - 2) + ... + 1] + (k + 1) 

= (k + 1) + [k + (k - 1) + (k - 2) + ... + 1] 

replace each k by (k + l) - 1 
Thus, 1+2+3+ ... +k+(k+l) 

= (k + 1 ) + [[(k + 1 ) - 1 ] + ((k +1) - 2) + (k + 1 ) - 3 +...+] 
Consequently f fc+1 is true. By PMP-, f is true, for 
every n e Z + . 



5.11 Summary. (Time: 5.11, 5.12 =2 days) 



5.12 Review Exercises Solutions. 



1. 

2 . 

3. 

4. 

5. 

6 . 

7. 



(a) 6 i = 6*5*4*3*2'l = 720 

5*6*2 = 60 
,31 3 1 

1 ‘b*2 = 12 = n 

1*26*26*26 = 2 6 3 = 17, 576. 

2 *26® = 2*17,576 = 35,152 

(g) = trrgr = f.j = 15 selections, 

( 5 \ _ 5i _ 5*^ 

'2 " 372T “ 5TT = 10 lines. 



(b) 6® = 216*216 = 46, 656 



8. 8*7*6 = 336 

o 
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9 . (3) = 5T3f = = 56 committees. 

10 . 




11. 


<I> • 


(?)■ 


: 7.5 ; 


■ 35 












12. 


9 *l 4 


= 126 
















13 . 


9*10- 


10 = 900 














14 . 


(a) 


9 * 9*8 


= 728 


(b) 


9-1 


•1 = 9 


•(c) 


900 - 


(728 + 9 ) = 163 


15 . 


(a) 


( 7 ) 5 - 


2520 


(b) (5)5 = 120 


(c) 


(8) 2 = 56 


16. 


(a) 


(8) g = 


56 








0>) (10) 2 > 


= 151,200 


17 . 


(a) 


<?> - 


M. 

TTTT 


10* 
- T 


9*8 

•2 _ 


= 120 


(b) 




) = 120 




(c) 


(“> “ 


1 


(d) 


(\°) 


= .1 


(a) 


O 


_ ( 1° ) _ fl°) _ 
^10-0' ^10' 


18. 


(|)-( 


II 


10*45 


= 450 










19 . 


(a) 


<1>- 


36 


(b) 


/iix 
( 8 > 


= 165 


(c) 


( l ) 


= 7 




(d) 


(«y = 


0 


(e) 


( l6 ) 
v 0 ' 


= 1 








20. 


(8°) 


11 


= 45 


different 


ways 









21. (i)-(|)-(|) = 600 

ERJT 

hmaffHHaaaa 
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22. (“°> = 12^9^96 - 75,287,520 

23. (g) + {j) = ij) 

2 4. (a + b) 4 = (q)& 4 + (i)a 9 b + (g)a*b a + (gjab* + d[)b 4 

= a 4 + 4a® b + 6a 3 b 3 + 4ab s + b 4 

a a 

25. (a - b) 4 = a 4 - 4a®b +.6a b - 4ab® + b 4 

26. (a + b) n = (“)a” + (J)a n -V + (|)a"-®t> 8 + (?)* n ‘ 3 b 3 + 

(g)a n -V + (j?)a n ' 5 b 5 + (g)a n - 6 b 6 + ... 

27. (2u + v)« = 6W + 192u‘v + 240tt*v* + l60n»v» + 60u 3 V + 12uv« + V 

n 
r* 

28. Prove by induction ) 



= 1 - JL 
«n 



k=l 



Let f, fa, .... f be a sequence of statements where 
1 j n 



f is the statement 
n 



Since 



2* 



!*+§» + ...+ - 1 " 2 n 

1 - = i. we see that f 4 is true. 



Assume f fc is true and show f^^ is true. 

12 k k 

Given: ^ ^ + . . . + -5 = 1 " ^ 

12 k+1 n k+1 

prove ^ + 51 + . . . + “K+r = 1 " pc+T 

§?. + §\ + «** + pe =sl ~pc 

adding -to both sides we have 

12 k , k+1 _ n k . k+1 

+ |a + ... + pf + psx - 1 * p? + p«T 



, , k K+JL x 

= 1 - (“£ " 35TT ' 



k+1 

•a* ? 

- 1 - ( gK 



hence k + 1 * S therefore the _ x . (J^.) 
O 2 

ERJCblem is disproven by PMI 1 . 



2 ^ 
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Second solution: 

A counter example shows that this is only true for f a . 

12 2 

For example let n=2=»^ + 7p ^ 1 - <53 



n(A) = x 


1 


2 


3 _ 


4 


5 


6 


n(B) = y 


720 


NO 


10 


NO 


6 


6 - 



Since 6 l = 720, x = 6 and y = 6 will probably be an 
answer quickly given by the students. Since the maps must 
be 1:1, n(A) £ n(B) and if n(A) > 6 then there will be more 
than 720 permutations. Thus 1 £ n(A) £ 6 . You can use a 
table to find y-values for the possible values of x = 1 , 2 , 
3, 4, 5, 6 . If x = 3, (y ) 3 = y*(y - l)*(y - 2) = 720 and 
y = 10. Other x-values are examined in a similar fashion. 



30. 


(?) 


= 15 


—4 - 15 ^ n 8 - n - 30 so n a - a 




(n 


- 6 )(n + 5 ) - 0 . 


3 

II 


*31. 


(a) 


a and (c or d) 

) 


1*3 = 3 ways 




(b) 


I. (a or c) and 


(b or d)^ 3*3 = 9 II. 2 s - 1 = 






III. 3*7 = 21 


IV. 2» - 1 = 31 (c) n = 8 , 2 n 
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Sample Test on Chapter V 
(Time: 1 clay) 

1. Evaluate each of the following: 



(a) 


(5)* 


:*) 


(6), 


(c) (7),3 


(d) 


( 


(e) 


<i> 


(f) 


(23* 

'2l' 


<g> (o> 


(h) 


( 


(i) 


<§> 


U) 


/ ; +) 









II. A set S has 6 elements. 

(a) How many subsets does it have? 

(b) How many proper subsets does it have? 

(c) How many of its subsets has exactly 4 elements? 

III. Expand: 

(a) (p + q)* 

(b) (a - 1)* 



IV. For each of the following, tell how many one-to-one 




O 

'ERJC 



(b) How many four - digit numbers are there with no two 
digits alike (first digit not 0)? 



LTUn<T\rO 



NOTE: You do not have to multiply out the answers in 

problem 71 - IX. 

VI. Five boys compete in a race. In how many ways can first 
and second places be won if there is no tie? 

VII. A carpenter needs 4 men and 10 men apply for the job. In 
how many ways can he pick out 4 men? 

VIII. Given ten points, no three of which are in a straight line, 
find the number of line segments that can be drawn by 
joining pairs of the points. 

IX. In how many ways can a teacher give out 9 grades of A in 
a class with 15 pupils? 

X. Use the binomial expansion to find (1.02) 4 . 

XI. In the expansion of (x + y)* 3 , what is the complete 
term that contains x® ? Give the coefficient as an 
integer. 

XII. Use PMI or PMI 1 to prove one of the following: 

(a) — is a natural number for every n <= Z + . 



n 




n P 4. 

(c) 2 — ~ _ is a natural number for every n <? Z . 

Bonur; Question (optional) 

1. Expand (x - 2y) 5 

Show that 2 • ( g ) + n s - ( 2 £ ) 



2 . 
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II 



III 



ERIC 

_al> J ni*IZmlTLJ 



Answers for Sample Test 



•) (5), - 

b) (6) l = 

«) (7), - 



a) (|) 

e) (?) 



f> <!?> 



g) (®> - 



») (p - 



i) (|> = 



5! = 5-4- 3-2- 1 = 

= 6 



120 



6j 

5.’ 



( 7 - J 3)J ’ T - 6,5 - 210 



5.' 5 1 

X5 - 57757 " 5T = 1 

6i _ 6.' 6j /r 

TF-T): -li " 5TTT 57 6 



d 3 ) - 



T57 



23J _ _ 23-22 _ 

- i): ( 2 : ) = ~2~n r ~ 253 



8 : 8 - 
("8"- o):o: = HT = 1 

9: __ 9! 9-8-7 01 . 

T3"“F)J3J ” FI3T = J^T = 84 

(?) » 84 by h). 



i) (?) = 



0 by def. 



a) n(<?(S)) = 2* = 64 

b) proper subsets = 64 - 1 =» 63 

°) ( 4 ) = (f) = 4 j 6 . : 2]- = |;4 = 15 

a) (P + 9 )* = (q)p b + (^)p 4 q + (g )p*q 8 + (^)p*q a + 

(^)pq 4 + (^)q* 

= P* + 5p 4 q + 10p s q* + 10p*q s + 5pq 4 + 

2m 
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b) 


(a - 


l) 4 = 


<5>* 


- (![)a» + (|)a s 


- < 3)8 + 


<4> 








= 


a 4 - 


4a 8 + 6 a a - 4a 


+ 1 




IV 


a) 


( 6 ) s 


= T 6 " 


6 : 

■="TTr 


- |E = 6-5-4 • 
• 


= 120 






b) 


(5U 


(5 


51 

■^nr 


= yt = 5 . 4*3*2 


= 120 





V a) 9* 10* 10' 10 = 9000 

b) 9*9*8*7 = 4-536 



VI 


5*4 


= 20 














VII 


I 1 ,?) 


10*9* 


8*7 


= 


210 








VIII 


I 1 ®) 


10*9 
= ~ 27 T 


= 


45 










IX 


/15 X 


(15 \ 






15J 


15 ! 


_ 15 


l4 13 12 11 


( 9> 


“ l 6 ' 




(15 


- 6Tr67 


VT 6 T 




6* 5 * 4* 3 • 2 • 1 










5005 








X 


(1 + 


.02 ) 4 = 


<y ♦ 




(.02) + 




( . 02 ) a + 



XI 



XII 



o 
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(*)l.(.02) a + (i{)(.02)‘ 

= l 4 + 4 ( . 02 ) + 6(.0004) + 4(. 000008) 

+ (.00000016) 

= 1 + .08 + .0024 + .000032 + .00000016 

= 1.08243216 

1 • / 12 \ ® 3 12*11*10 

4th term = ( \ )x y = - 3.3.1 = 220x y 



a) = 1^=1, 



Since 1 € S 
assume k(k + 1) = p> p e z + 



210 
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prove 



(k + 1) (k + 1 + 1) € z + 



(k + 1) (k + 2) _ k 9 + 3k + 2 _ k + k + 2k + 2 

- 5 - 5 

k(k -t 1) + 2(k + 1) = k(k + 1) + 2(k + 1) 

2 2 2 

= k ( k j tJ l + k + 1 

= p + k + 1 

Since p, k, and 1 € Z + , p + k + 1 € Z + 

Hence k + 1 € S and S = Z + 

n _1_ = , 1 

b) To prove ^ 2 k ” 

+ x 2. = i - J_ 

Let S = (x: x f Z and g x gX } 



i 1 

Since gk 



1 - 



r* HS 



K 1 

Assume k € S. k € S — > ^ = i - ^ 



To show k + 1 f S, add 



Hc+T 



to both sides 



-L + ± + A 

2 l 2* 2 $ 



+ ~ + “ + --* + rit + Tic+r = 1 " rf + ^+r 



2- 2 ‘ 
2 - li 



= 1 - w 



= 1 - 



7R+T 



O 
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Thus k + 1 € S. Hence by FMI S = Z . 
.n 0 n 



-li _ o“ 4- 

c) To prove -2 — ^ is a natural number for every n € Z 

Define a sequence of statements £ lt f p , ...» f n ... 

2ii 
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where f = 



5 n - 2 n 



and f n € Z 



Since 



5 1 - 2* _ 5-2 3 



T 



= l 



f 2 is true. 



_ p^ X 

Assume is true, 2 — ^ = p, p € Z 

= p => 5 k - 2 k = 3p =*> 5 k - 3p + 2k 

j-kti pkti . 

Show that 2 ^ e Z 

p.k+1 _ 2 k+i 5 k -5 - 2 k -2 

= 3 * 3 

5(3p + 2 k ) - 2 k - 2 
3 

15P + 5*2 k - 2 k * 2 
— 

= 15P ± 2 k (5 - 2) 

3 

- 15E = 5p + 2 k 

Since 5p + 2 K f Z , 2 € Z + 

Hence f fc+1 is true. By FMI* f R is true for every n £ Z + 



Bonus Questions 

1) (x - 2y)» 



O 
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(§)«• - (f)x 4 -2y + (|)x»(2y) 9 - 

(|) x »(2y)* + (£)*( 2y) 4 - (?)(2y)* 

X s - 10x 4 y + 40x s y* - '-.vy y 9 + 80XJT 4 

- 32y B 

CIO 
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2) To prove: 2(") + (n 8 ) = ( 2 ^) 

2 »n(n - 1) , 2n s _ 2n(2n - 1) 

2n(n - 1) + 2n a = 2n(2n - 1) 

2n 8 - 2n + 2n B = 2n(2n - 1) 

4n 8 - 2n = 2n(2n - 1) 

2n(2n - 1) = 2n(2n - 1) 




Pin 
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Chapter 6 

PROBABILITY 

Time Estimate: 12 - 15 days 



General Remarks 



Before they study Chapter 6 on probability it would be 
desirable that students have studied the probability in Course I, 

the statistics in Course II, and combinatorics in Course III. 

If the students do not have this background then the topics that 

should be presented, either before starting the chapter or as the 
topic is needed in the chapter, are as follows: 

I. From Statistics: 

a) Frequency and cumulative tables and 
diagrams, 

b) Summation with emphasis on examples and 
symbolism, 

c) Perhaps the Chebyshev Inequality, since this 

is an important theorem and deals with relative 

frequency which in turn is closely related to 
probability, 

II, From Combinatorics: 

a) The Counting Principle, 

b) Permutations, subsets (combinations) and 
Cartesian prduct, 

c) The power set of an outcome set, S, 

d) Perhaps the Binomial Theorem in a combinatorics 

setting, 

O 

In general the purpose of this chapter is to use the intuitive 

Y [ n 
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and experimental background from Course I and the statistics in 
Course II and combinatorics as a foundation on which to build a 

set theoretic approach to probability leading to the notion of 
a probability space. Then definitions and theorems related to 
a probability space are carefully developed. This material on 
a probability is the "keystone" of probability theory. 

Prom the pedagogical viewpoint the extensive use made of 
graphics in the presentation is a most important feature of 
giving the student an understanding of the concepts before they 
are presented in a strictly theoretical setting. Proofs with- 
out preliminary motivation are usually difficult for secondary 
school students at the level for which this material is intended. 

Some of the graphics used in this chapter are: 

a) Venn diagrams which are very good for illustrating 
relations among events, 

b) Arrow diagrams to illustrate functions, 

c) Tree diagrams to illustrate outcome sets and 
probabilities, 

d) One-dimensional, two-dimensional and three-dimensional 
Cartesian graphs are used extensively to illustrate 
outcome sets, events and relations defined on events, 

e) Although they are not presented in this chapter, there 
might be situations which arise in class where the teacher 
would want to use bar diagrams to illustrate a probabil- 
ity measure .on the singletons of an outcome set. 
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Some Important features of this chapter are: 

a) An occasional review of ideas at the "beginning of a 
section to serve as a foundation for new ideas, 

b) Several examples worked out in detail and illustrated 
on the topic in each section, 

c) Proofs of difficult theorems are included in the text 
to avoid discouragement of some students, 

d) Use of terminology that is in the spirit of the latest 
terminology used by mathematicians, 

e) A chapter summary and review exercises. 

6.1 Introduction 

The purpose of the introduction is to give the student a 
little glimpse of the "humanities" side of mathematics by including 
some historical background related to probability and some in- 
dication of the usefulness of probability in fields other than 
mathematics. 

6.2 Outcome Sets and Events (2-3 days) 

The ideas in this section are, for the most part, not new 
to the students and are not very difficult. With the background 
that the students have had in sets and mappings along with the 
material in the Course I chapter on probability, much of the 
section will be review. 

The power set of an outcome set may be a new idea. If the 
e tudents have not covered the chapter on combinatorics. Also 
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using the terminology Intersection event, union events differences 
event, and complementary event may be new but is basic to the 
development of the chapter. 

The method is to discuss, illustrate with diagrams, and 
give many examples of experiments,, trials, outcomes, outcome 
sets, and events. The more this is the result of original stu- 
dent thinking the better. 

The important goal here should be to follow up informal 
work in developing ideas with careful and precise definitions 
and to extend the ideas wherever possible. For example, the 
idea of disjoint sets is extended to three or more sets. 

Some specifics in the chapter are: 

a) A short review of some basic terminology and notions 
used in probability experiments with finite outcome 
sets, 

b) Several worked out examples which the students should 
have chance to discuss, 

c) Experiments to perform such as the one with the peri- 
patetic bug taking walks on the edges of a cube and 
the card matching experiment; in the card matching 
experiment a nice extension is for the teacher to have 
the students find the average number of matches for 

a set of trials with a particular size deck where it 
is a surprising discovery for the students to find 
that the average tends to be 1 for any size deck. 
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d) The experiment of tossing two dice and finding the 
sums leads to the idea (later) of a random variable, 

e) Tossing three coins gives a nice opportunity to 
graph an outcome set and events in three dimensions, 

f) Other ideas are events as subsets, power set, single- 
ton events, union events, intersection events, com- 
plementary events, difference events and disjoint sets 
for 2, 3 and n events. 

6,3 Exercises 

1. a) ((II, up), ( II, down), (T,Up), (T,down)) 

b) ((rye, honey), ( rye, marmalade) , (rye, caviar) , 

(wheat, honey) , ( wheat, marmalade ) , (wheat, caviar) ) 
c ) ((d<.99), ( .99<d<1.0l), (d>1.0l)} 

d) { (red, blue, h<5' ) , (red, blue, 5'<h<6 , )» 

( red, blue, h>6' ), ..., ( blonde, b rown, h>6' ) } 

2. a) Let urn I contain 1 red bead, 5 blue bead3 and 7 white 

beads; and urn II contain 2 black beads and 3 yellow 
beads. Then the experiment could be to first select 
one of the two urns and then select a bead from that 
urn. Several answers are possible, based on changes 
in the number of beads . 

b) Selecting a flavor of Ice-cream and then a sundae 
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3. 



c) 



d) 

e) 



a) 

*) 

c) 

d) 

e) 

f) 



b) 



h) 



topping . 

Selecting a girlfriend on the basis of weight. Or 
perhaps more accurately, classifying a set of girls 
on the basis of weight. I don't know why I am pre- 
judiced in favor of girls. It could be boys or pigs 
or most anything that can be weighed l 

Tossing three coins or tossing one coin three times, etc. 
Forming two-letter "words" from the set of vowels with- 
out repetition. 

A » {H4, 112, H3, D4, 1)2, D3) 

B * {H3, D3, S3, C3) 

A II B « {H4, H2, 113, D4, D2, D3, S3, C3) 

A n B = {113, D3} 

ft = {S4, S2, S3, C4, C2, C3} 

A \ B = {H4, H2, d4, D2) 

Let C = {Il4, D4 }j D - {S4, C2, D3),* E = {C4}. 

Then C, D and E are disjoint events since they are 
pairwise disjoint. There are many other solutions. 



3 



4 



^^.-This point is for 
^ the outcome C2. 



H D S C 

. a) {(1,1), (1,2), ..., (4,3), (4,4)} 

b) {(2,4), (3,3), (4,2)} 



4 
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5. 



c) {(4,1), (4,2), (4,3), (4,4)) 



d), e) and f) 




blue 



a) (ffinSh?) n (AflBOC). 

b) (AhShc) m ( aobhC) . 

c) (XHB) 11 C. 



a) b) 





Note: There should be some discussion on dagrams a and g. It 

should be related to distributivity of "n" over "ij". 
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(A ft Bj 




A U B 



d ) 




A U B 

(all shaded regions included) 

t) 




a n b 

(This can also be represented 
by the cross-shaded region 
in d above.) 
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7 . The diagrams for c and d should have the same regions 

shaded even if they have been done in two different ways. 

One relationship statement might be, "The complement, of the 
intersection of two events A and B is equal to the union 
of the complements of A and B." Another statement that 
would demonstrate good thinking would be, "If x is not in 
A and R, then it is not in A or it is not in B." 
ft. The diagrams for e and f should have the same regions 

shaded. Acceptable statements could be, "The complement of 
the union of two events A and B is the intersection of the 
complements of A and B." or "If x is not in A or B, then 

it is not in A and it is not in B." 

9. Each event that includes the outcome a has occured. 

That is, {a,b,c}, {a,b), {a,c}, {a}. 

6.4 Probability Measure (2$ - 3£ days) 

This section is perhaps one of the most important of the 
chapter because this is the first fairly formal presentation of 
ideas which are at the foundation of probability theory. Con- 
cepts such as a probability measure P, the probability of the event 
A, P(A) , and a probability space , (S,P ) should be discussed 
thoroughly in connection with the definitions and the examples. 
Additional examples should be given and students should be able 
to give original examples themselves if they understand the 
material . 

Theorem 2 should be discussed carefully and each step should *309 
related (in the students' thinking) with the properties of n 



221 



probability measure, the definitions, or parts of the theorem 
previously presented. Example 8 provides an opportunity to 
understand the theorem a little better by illustrating certain 
parts . 

Theorem 3 gives a more general formula for the probability 
of the union of two events as it includes both the disjoint and 
non-dis joint cases. Here example 9 provides illustration. Pro- 
perty three of a probability measure is extended to the case of n 
events. This can be proved for n - 3 by using associativity of 
union and addition. Then the case for n in general can be proved 
by induction. It might be better here to assume the case for n 
in general. 

Other ideas of thi3 section are that: 

v. 

a) Every event with 2 or more members can be expressed as 
the union of singletons (i.e., sets, each of which 
include exactly one of the outcomes in the event); 

b) These singletons are pair-wise disjoint; 

c) Thus using the extension of property 3 of a probability 
measure, the probability of an event is the summation of 
the probabilities of the singletons which are subsets of 
the event. 

The probabilities of the singletons are called elementary 
probabilities . 

Examples 1,2, 3, 4,5 and '6 in this section present probability 
measures where the probabilities of the singletons are not all 
equal. In example 7 "the probability measure is uniform. That 
is, the elementary probabilities are all equal. 
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6.5 fixcrclscs: Note that problem number is not numbered In the text. 

1. a) .3 b) c) .8 d) .7 e) 0 f) 1 

2. a) .40 b) .33 c) .45 

3. 7/3 

4. a) 64 

b) (0, 0) — -MO, 1) * (l* 1) * (1> 0) 

(0, 0) * (0,-1) * (1,-1) > (1, 0) 

(0, 0) ► (1, 0) * (0, 0) * (1, 0) 

(0, 0) * (0, 1) *» (0, 0) ► (1, 0) 

v 

(0, 0) *■ (-1,0) * (0, 0) * (1, 0) 

( 0 , 0 ) > ( 0 ,- 1 ) > ( 0 , 0 ) ► ( 1 , 0 ) 

(0, 0) — » (1, 0) — ► (2, 0) — * Cl* 0) 

( 0 , 0 ) ► ( 1 , 0 ) ► ( 1 , 1 ) > ( 1 , 0 ) 

( 0 , 0 ) * ( 1 , 0 ) * ( 1 ,- 1 ) * ( 1 , 0 ) 



°) & 



d) P(l, 0 ) - p(o, 1 ) = p(o, -1) = P(-l, 0)-& 

P(l, -2) = P(l, 2) = P(-l, 2) = P(-l, 2) = 

P(2, -1) = P(2, 1) = (-2, 1) = P(-2, -1) = Ij- 

P(3, 0) = P(-3, 0) = P(0, 3) = P(0, -3) = 




5. a) (or §) c) §£ (or |) 



b) ^j- (or d) gp (or jj) 
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7 . 



8 . 




1) Since {aj ), C cl„ } (a*}, (a*) are events property 1 of 
a probability measure applies to each. Therefore for 
each a^, P((a^}) > 0. 

Also S = (a t } i! {a,) il {a,} u (a 4 ) 

Therefore I’(s) ----- P( (a ? } il (og } u (a,} \\ (a 4 J) and since 
P(S) * 1, so does P( (a l } ii {a p } n [cu, } i! {a^ } ) . 

But since the a^ are disjoint we have, 

P((aJ) + P( {a 8 }) + P({aJ) + P((a*)) - P(S) - 1. 

2) The proof for the case of n outcomes is perfectly 
analogous except for slight changes in notation. 

a) If x P {0, 1, 2} then: 

(^) is non-negative; 

if 0 < p < 1, then p x is non-negative 

and (l-p) is non-negative. 

Thcrcfore( x jp x (l-p) is non-negative and this satisfies 
the first condition. 

For the next condition consider the summation, where x 
goes from 0 to 2 inclusive of f x )pW- x 
This can be expressed as: 

(1 - of + 2p(l - p) + p 2 = 1 - 2p + p 2 + 2p - 2p 2 + p 2 = 1 



b) In e manner similar to that in part a) it can be shown that 
for any n^N and any x€n from 0 to n inclusive, each of the 
expressed factors in p x (l-p) a “ x is non-negative provided 
that 0 < p <■ 1. This satisfies condition 1 in Exercise 5. 



To shew 



that, condition ? is satisfied, (”) p*(l-p) 



k n-x 



i 8 



the expression for a term of the expansion of the binomial 



[p+(l-p)] n . But since p+(l-p) » 1, and l n = 1. The summation 
where x goes from 0 to n for any n€N, of ( n ) p x (l-p) n ” x jg 
equal to 1. 

9 '.a) 1/4 b) 3/4 c) 9/16 d) 1/16 

10. a ) ,\2 b) .88 

11. a ) If x is a member of AHr, then it is a member of A. So 

ABB is a subset of A. 

Then by theorem Id, P(A0 r) £ P(A). 

b) If x is a member of A, then x is a member of AtiB. So A is 
a subset of AlJR. 

Again by theorem Id, P(A)£ P(AUB). 

c) From theorem ?, P(AUB) - P(A)+( P(B) -r(Anp) . 

So l’(AUB) + P(AHb) = p(A) + P(B) 

But since P(AHr) > 0, P(AUB) < P(A) + P(P) 

1?. .3 . 

13. The event that exactly one of A • and B occurs, is the event 
[(A\B) U (B\A)J. And since (A \ B) and (B\A) are disjoint, 
P[{A\B) U (b\a)] = P(A\B) + P(B\A). Then using 
theorem 2c and substituting in the right side of the equation 
above we get P(A) - P(ABb) + P(B) - P(bBa). Then rearranging 
the terms and using the fact that A^B = BBA, we get 
P(A’) + P(B) - ?P(aHb). That's it»» 

14. if p(A) > .b, then P(ff) 8 since p(A) + P(ff) * 1. 

In this case P(A) > P(7T) and therefore P(A)/P(ff) > 1. 

""This means that 0 (A ) > 1. 

Now to go in the other direction, suppose 0(A) > 1. 
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Then P(A)/P(7T)> 1, which means P(A) > P(A). 

Then since P(A) + P{7T) * 1, p(A) > .5. 

15. Proof: 

1) p(AUBijC) - [P(AUB)UC], since union of sets is associative. 

?) P[ (AUB)UC] P(AUB) + P(C) - P[(AUB)nc]*, theorem 3. 

3) P(AUB) * P(A) + P(B) - p(AOn); theorem 3. 

4) (AUB)Hn (AOC )U(P0C) by the distributive property of 



■>) p[(Aun)nc]« p[ (After ) u (pne)], since the two events In 



6) p[(aHc) u (bHc)J = p(aHc) + p(bHc) - p[(Anc)n(BOc)]. 



7) But [(AHc) 0 (BOc)] = (AObHc) from a theorem about sets 
involving the associative and commutative property of 
intersection of sets and the fact that C0c = Cl 

8) And therefore P[(Anc) 0 (bHC)] =* P(AflBnc), since the 
events in step 7 ere equal and thus their probabilities 
are equal. 

9) Now using the transitive property of equality on steps 
r > and f> and substituting the right side of 8 for the 
last term in 6: 



intersection over union. 



step 4 ere equal their probabili- 
ties arc equal . 



Step 6 is an instance of theorem 3. 




p[(aub) Oc] - p(a n c) + p(Bnc) - p(AnBnc) 



10) Now substituting the right side of 3 in place of P(AUB) 
on the right side of 2, and substituting the right 



ERIC 



99^ 



- 226 - 



side of 9 for P[(AUB)Hc] on the right side of 2, we get 
p(aubuc) - p(A)+p(B)+p(c)-p(AnB)-p(AOc)-p(Bnc)^p{Annnc). 

16. 1) P(AUB) - l-P(AUB) by theorem lb. 

?) But from a set theorem, (AUB) - (A^p). 

9) Bo substituting the right side of step P f or (AL'B) in 
step 1 /’lives the result. 

6,6 Uniform Probability Measure . (2% - 3-| days) 

The initial examples of probability measures 
given before this section were non-uniform. If the students see 
non-uniform examples first, then the uniform cases never come as 
a surprise. To give the specialized case of a uniform measure 
first often gives students the impression that this is the only 
kind. It Is Important to emphasize in your teaching that this 
is a special case. 

The points that should be stressed in this section are: the 
definition of a uniform probability measure. Theorem 4, which 
.justifies the formula P(A) = for finding the probebi 11 ty of 

an event A In a space where the probability measure is uniform, 
and the 4 examples each of which, although different from the 
others in nature. Involves uniform probability measure. Some 
discussion of random numbers should take place and the table on 
page 48 may bo until. for a class experiment by assigning each 
student a different row in the table and having them find the 
frequency of each digit in that row. Then accumulate the 
requencies obtained and use the information to calculate t ,he 

2 
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relative frequencies for each of the digits with respect t,o that 
portlon of the table. 

It should be stressed that, the expression, "at random" as 
It. Is used here, simply means that for the experiment, being 

considered, each outcome Is equally likely. 

If the students have not previously had some exposure to 

the counting principle, permutations and number of subsets, then 
it must be treated here since it is necessary information for 
understanding the examples and the exercises. In selecting an 
outcome set it is vital to know in certain cases whether to 
select ordered n-tuples or n-membered subsets. 



6 .7 Exerci ses 



1 . 


.4 






?. 


a) 


.5 


b) .74 c) .1 


3. 


a) 


The set of all ordered triples of digits. 




*) 


.5 


c) .1 (Don't forget that 000 Is less than 100.) 




*) 


.1 




4. 


a) 


1/6 


b) 5/lft c) 11/36 d) 1/4 e) 6/9 


5. 


a) 


1/455 


b) 1/910 c) 6/455 


6. 


The 


problem here is to first find the total number of 3-Jump 



trips the rat can make starting at (0, 0). This number Is 
64 and can be Justified quite easily by observing that the 
are 4 Jumps that, the rat can make from the point. (0, C.) and 
from each of the points that the rat can reach at the end of 




1 Jump there are 4 choices and from every one of the points 

that the rat can reach at the end of 2 Jumps there are 

OOQ 
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4 choices. Therefore by the eounMnr, principle there ore 
4*4*4 -.64 possible 3-, lump trips that the rot can make. 

Nine of these terminate at (0, 1). Thus the probability that 
the rat will be at (0, l) at the end of a 3-.|ump trip is 9/64. 



The 9 possible trips 


which end at 1 


[0, 1) are: 




1st trip 


2nd trip 


3 rd t rl p 




(0,0) to 


(0,1) to 


(0,0) to 


(0,1) 


(0,0) to 


(0,1) . to 


(0,2) to 


(0,1) 


and so on 


1 






The first probability (x=6) is (q) 


(l/3)°(2/3) 5 


- 32/243. 


The next is. 


(x— 1 ) , (^) 


( 1/3 J 1 (2/3)'* 


* 80/243 



and so on 



8. An estimate based on my computation is 3/54145. 
At any rate a more sensible answer is: 




9. a) 21 3 x 5 2 

b) misprint 

c) 10 

d) 21 3 x 5 2 x 10 




e) ■ — 3 ■ 1 2 * 

21 J x 5 x 10 

f) part a -[21 x 20 x 19 x 5 x 4] 
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10. For the experiment of tossing 3 dice, the nature of the 
outcome set is that of a set of ordered triples. 

A sketch of the outcome set would be {(1, 1, l), (1, 1, 2)... 

(1, 2, 1) ... (6, 6, 5), (6, 6, 6)}. n(s) = 6 .6*6= 216. 

a) The probability of 3 sixes here is • 



11 . 



12 . 



O 
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b) 3 

c) The probability of 2 fives and 1 six is 3/216 = 1 / 12 . 

d) The probability of 0 sixes is 125/216. 

The probability that one of the cards drawn was the 5 card 
is 3/10. 

The probability that all three of the cards were even is 1/12. 

The probability that all three were even or one of the cards 

was the 5 card is 3/10 + 1 / 12 . - 23/60. 

A theorem is, if two events are disjoint, then the 
probability of their union is the sum of the probabilities 
of the two events. 

a) (3, 4, ..., 18} 

b) 3 

c) 215V 

d) P(3) = gig" J p ( 4 ) = gTS ; P(5 > = HE s 

r(6) = $ i P(7) - . p(8) - ^ , 

p(9) - gfe s P(10) = |£ ; P(ll) = |£ ; 

P(12) = i P(13) = ^ i P(14) = gfc ; 

p(15) = irk 1 P < 16 > ” > P < 1 7 ) = 51? i 

p (i8) = • 



e.g., P(12 ) = 

P( ( (1, 5 , 6) , (1, 5, 



(6, 5# 1)# (2, 4, 

(4, 6, 2), (6, 4, 

( 2 , 5 , 5 ), ( 5 * 2 , 

(4, 5 > 3), (5, 4, 



5 ) , (5> 1, 6), (6, 1, 5), 

6) , (2, 6, 4), (4, 2, 6), 

2 ) , (3, 3, 6), (3, 6, 3), 

5), (5> 5 * 2), (3, 4, 5), 

3) , (4, 3, 5), (5, 3, 4), 







(5> 6* l)* 
( 6 , 2 , 4 ), 
(6, 3, 3), 
(3, 5 > 4), 
(4, 4, 4)}) 



6. ft Looking Back (1 day) 

The Important Ideas to be stressed in this section are: 

1 ) The stability of relative frequencies developed 
experimentally and Illustrated graphically; 

?) The concept of prohahlll ty as a predication of relative 
frequency; 

3) The choice of a probability measure may be based on 

the nature of experimental objects, on evidence based on 
experimental data, or on assumptions as long as it 
satisfies the properties of the definition. 

6. 9 Exercises 

The purpose of exercises 1 and 2 is to give the students 
some practice in performing experiments, recording the results, 
end making a decision about the kind of probability measure that 
might be appropriate. 

3. a) Uniform b) non-uniform c) non-uniform 
d) non-uniform e) uniform f) non-uniform 

g) uniform 

4. One would predict the frequency, 34, for the outcome, tails. 

One would predict a relative frequency of 2/3 for tails. 

. __ 990 
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6.10 Looking Ahead. (1 day) 

The big Idea lathis section ia the idea of a random variable . 

Random variables have been implicit in the material on probability 

In Course I and In the statistics in Course II. Here the term is 

defined arid examples are given. The students should be given 
opportunity to provide many more examples. Since a random 

variable ia neither random nor a variable, it is important to 

emphasize the fact that it is really a mapping or function. 

In Course IV, Chapter 6 theory and applications related to in- 
dependent events are developed. Two events A and B are inde- 
pendent if and only if P(A 0 B) = P(A) • P(B). 

6.11 Exercl ses 

1. a) and b) The answers to these ere contained in the 



diagram for c). 




„ 1 3 3 1 

P X B B B B 



?. a) and b) 

1 1 P((x)) 

S’ 

• * 

0 1 x 

(If this doesn't satisfy the requirements of a probability 
measure check your computation again. ) 




a) ((1,?), (1,3), (1,4), (1.5). (2.1)> (?‘»4) 

(P,5). (3,1), (3,2), (3.4):, (3,6), (4,1). (4,2) 
(4,3), (4,5), (5.1). (5.2). (5.3). ( r >.'0) 




3. 
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b) Since the selection was at random, the probability of 
each ordered pair is 1/20. 

c) The images of the ordered pairs in the same order as 
the ordered pairs in (a) are as follows: 

1, 2, 3, 4, 1, 1, 2, 3, 2, 1, 1, 2, 3, 2, 1, 1, 4, 3, 2, 1. 

d) .4 .3 .2 .1 

P((x}) 

1 2 3 4 x 



6 .13 Review Exercises . (1 day) 

1. The probability that the break was within 2,000 ft. 
of the station is 2/>. 

The probability that the break was not within 2,000 ft. 
of the station is 3/5- 

The probability that the break was within 2,000 ft. of 
the station or within 2,000 ft. of the nntenns in 4/5 . 
The probability that the break was within 4,000 ft, 
of the station and within 4,000 ft. of the antenna 

is 3/5. 

2. Let, the probability of the first outcome be x. 

Then x+2x + $x - 1, 9x - 1 and x - 1/9. 



3. a) .001 



4. 7/15. 




5. 1/35. 

6. a) 5/16 b) 1/2 



b) .504 




c) 13/16 
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8. The project in 8 is to copy and complete the arrow 

diagram. 

REVIEW TESTS 

Test A. 

Il3e the following Information for exercises 1 to fi. There 
were 4 entrances to the first floor of a store called the North, 
South, East, and West entrances respectively. Once you were Inside, 
there were 3 choices of ways to get to the 2nd. ; floor; elevator, 
escalator or walking up stairs. 

1. Tabulate the outcome set for the experiment of selecting a 

way to get from the street to the 2nd. floor. 

2. How many ways are there to get rrom the street to the 2nd. 

floor? 

3. Assuming a uniform probability measure for the outcome set 
in Exercise 1, what is the probability of selecting a path 
which includes, riding to the 2nd. floor from the 1st? 

What 1 8 the probability of selecting an outcome by which 
one walks from the street to the 2nd. floor? 
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5. What is the probability that one uses the North or South 
entrance and then takes the elevator or walks to the 2nd. 
floor? 

6 . What is the probability that one takes the East entrance 
and rides the escalator to the 2nd. floor? 

Use the following information in answering questions 7 to 10 • 

The guidance director in a school found, on the basis of 
previous records, that the relative frequency with which a 
senior received a grade of A in mathematics was . 06 \ of 
A in English was .09* and of A in both mathematics and 
English was .02. These relative frequencies were then 
used in connection with predicting results for the following 
year. 

7. What Is the probability of getting an A in mathematics and not 
In English? 

■9. What la the probability of getting an A In English and not 
In mathematics? 



9. What is the probability of getting an A in neither 
mathematics nor English? 

10. Draw a Venn diagram for the events related to the guidance 
directors survey and label regions with the appropriate 
probabilities. 

11. Draw a Venn diagram for the events 

(a n e n c) u (a n b n c). 





Use the operations of union, intersection and complementation 
to express the set relationship as indicated by the shaded 
region in the following Venn diagram. r.nn 

/ r Vi) 



A 
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Use the following Information in answering questions 13 to 18. 
For the outcome set (a^> a^, a^} the probability of la 

.15; of (a ? l is .45; and of la^} is ,4o. 



13. 


Compute P((n^, ftp)). 


14. 


Compxite p(fa^, n^l ) 


15. 


Compute P((n^, a,,. a^l). 


16 . 


Compute 0({a^]). 


17. 


Compute 0((a_l). 

t: 


IB. 


Compute 0((a^)). 



^at n. 

Uae the following information to answer questions 1 to 9 . 



4W 3W ?W 1 W Home IF. ?F. 3E 4 k 



The starting point in this game is the point labeled "Home." 
Toss a symmetric coin. If the coin lands heads, go 1 tin. 3 East. 
If t. » coin lands tells, go 1 unit West. Keep repeating this 
procedure from the last destination until you have tossed the 
coin 4 times. What, is the probability that after 4 tosses you 
wi 11 be «it: ; - 

o : i; Home? 2. IE? 3. ?E? 4. 1W 

1 5 i 2 W 5. 3 E 7 . 4e B. 3 W 9. 4w 



23 ? 
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Questions 10 to 14 refer to selecting 3 cards nt random from 
standard bridge deck. 

What Is the probability that: 

10. All 3 will be hearts? 

11. All 3 will be number cards? 

IP. All 3 will be picture cards? 

13. Two will be kings anti one will be a queen? 

14 . All 3 will Vie numbered with the same number? 



Test C . 

Questions 1 to 6 will refer to selecting two-digit random 
numbers from a table of random numbers. 

What la the probability that the number will be: 

1. Leas than 10 or greater than 89? 

2. Oreater the 15 and leas than 26? 

3. Less than or equal to 3? 

4. Not less than or equal to 3i? 

3. Leas than 12 and greater than 23? 

6. Less than 5 or less than 3? 

Use the following Information In answering questions 7 
to 13. Two symmetric cubes, one blue and one red, are 
each labeled with numeral 3 on two aides and the numeral 
5 on the other 4 aides. The experiment is to roll the 
two cubes and record the ordered pair of numbers 
indicated on the upper faces. Let the number shown by 
the blue cube be the first Component and the number on 
the red cube be the second component. 
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7. Tabulate the outcome set. 

8. Assuming that each face of such a cube Is equally likely, 
make a table showing the probability of each outcome. 

9. Let the random variable X assign the sum of the 
components of an outcome to that outcome. Make a table 

showing the assignments made by X. 

10. Make a table showing the, assignment of probabilities 

to the images under the random variable X. 
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Chapter 7 

POLYNOMIAL AND RATIONAL FUNCTIONS 
Time Estimate: 17 - 21 days 



Introduction 

The overall concern of this chapter is that of 
introducing and developing basic algebraic skills within 
the framework of a structured course. Specifically, the 
objectives of this chapter are: 

1. to realize the nature of a polynomial function; 

2. to introduce and develop skill in operations with 
polynciiiial functions: 

(a) addition, multiplication, and division, 

(b) reinforcement of the Binomial Theorems and the 
division Algorithm; 

3. to factor functions of second and third degree polynomials; 

4. to study and graph the quadratic function, using 
applications of transformation geometry; 

5. to extend polynomials to rational functions: 

(a) operations with algebraic fractions, 

(b) graphing of rational functions, 

(c) understanding limitations on the domain of Reals; 

6. to investigate a commutative ring with unity. 



7.1 Polynomial Functions (Time for 7.1 and 7.2 = 1 day) 



Students should come to this chapter with an under- 
standing of the identity function j on the set of real numbers 
and of constant functions c , a € R. The principal con- 
cern of this section is to develop an understanding of 
the definition of a polynomial function over the real 
numbers. Students should be made aware that a polynomial 
function may be generated by addition only , by multipli- 
cation only, or by a combination of both addition and 
multiplication. However, no other operations may be used. 

One productive activity might be that of presenting the 
class with the identity function and several constant 
functions, then having them compile a list of polynomial 
functions they can generate. One student might put his list 
on the board, with other students called upon to explain 
how each was generated. 

One point which is not mentioned in the text, but which 
might arise is this? y, when considered as the quotient of 
jp, by c 3 is technically not a polynomial function. However, 

X 1 

j - jX, which is the product of cj and j^. Since this. 

7 

equivalent form is a result of the multiplication of functions 
then y may be considered as a polynomial. 

As noted in the text, a polynomial is associated with 
every polynomial function, and much of our study of these 
functions will be done in terms of the associated polynomials. 
Actually, "polynomial expression" might be a better name to 
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use than "polynomial". But until such time as students 
study abstract polynomial theory, there seems to be little 
chance of confusion in using the shorter (and common) term 
"polynomial" in the context of this chapter. 

Encourage students to think independently about the 
two questions posed in the first paragraph of the section, 
even though they have no formal machinery with which to 
compute answers. (Solutions: 2 seconds; 16 feet). 



7.2 Exercises 



1. (a) 10 (b) 7 

(c)x (d) 1 + x 

( e ) -4x a + V2x - 10 ( f ) x» + x 

(g) (x + x + x + x + x)*x, or 5 x 3 (h) 7X 2 - x + 0, or 7x 3 -x 

(i) -x 3 + 12x a + 4x + 9 (d) Ox, or 0 

(k) x 3 + 1 (1) 8x* - 3x 3 + 7 

2. (a) x 8 + 3x + 4 (b) -7X 6 - x 3 + 4x 

(c) x 3 + x 8 + x 3 (d) -3x 3 - 2x + 7 

(e) 8x® - 7x 3 + 3x + 4 

3. (a) [(c. • d*d*d*d*d*d*d) + (c a .d*d*d*d*d) + c-e ] 

(b) Not a polynomial; requires division by j. 

(c) [(cj . d) + Cj] 

(d) Technically not a polynomial, since it requires 
division by c 3 . However, it is equivalent to the 
polynomial in part (c), and so may be considered 

as a polynomial. (See Teacher's Commentary, Section 7.1) 
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6 . 

7. 



8 . 



9. 



(e) Not a polynomial, requiring division by j R . 

(f) Technically not a polynomial, since it requires 

division by c 8 . However, equivalent to 
1. 



polynomial ?j-x. 

(g) (c-i • j • j) + (c_ B 
4. (a) x + 2 

(b) 2 - x 

(c) 2x 

(d) not a polynomial 

(e) ix 



j ) + ( * 



5. t(0 



a n 

n factors 
Answers vary, 
(a) -l4j 
(c) 19 



>j) + (C 



a 



1 .1 • J 

n-1 



' j ) + • • •+ (G, 



j) + c a ] 

o 



n-1 fa.ctors 



(e) 12 8 j 

°o 15 

The range is {of . 



(a) C is of form C_, a € R. 

O Ul 



(b) -8 

(4) -25j 

(b) C t is of form C , a € R. 

St 

The range is jl| . 



10 . 



O 
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(c) 


J 


(4) C 0 


(e) 


j 




(a) 


Yes, by definition 


(b) True; 




Yes, 2 • x = x + x Vx 




(c) 


[0» • J] 




(a) 


C o 


(b) C e 


(c) 


Ss • J • 3 


(d) C 0 


(e) 


0 ■ ) ■ i 




S> 







2k2 



7.3 Degree of a Polynomial (Time for 7*3 and 7.^ « 1 day) 

The object of this section is primarily to introduce 
vocabulary , altnough the concept of degree of a polynomial 
function is not an unimportant one. Notice in this section, 
as indeed throughout the chapter, that there is a kind of 
dual development. If one defines degree of a polynomial 
function, he has automatically defined degree of a polynomial 

(expression). Thus, the degree of the function x > x 3 

is three, and the degree of the polynomial "x 8 " is three. 

The altogether simple use of the phrases "coefficient, " 
"constant term, " and "leading coefficient" is probably 
best established by numerous examples. 

Point out. the importance that a n ^ 0 in 
the definition of degree. This importance is brought out in 
f:x — > Ox 3 + 5x - 2. Here, it is quite all right (and in 
fact more commensurate with abstract polynomial theory) 
to consider the coefficient of x 8 to be 0. However the 
degree is the greatest exponent associated with a nonzero 
coefficient. 

Stress the fact that the zero polynomial function 

(Cq? x ^ 0) has no degree; therefore the polynomial "0" 

has no degree. However, for a / 0, any polynomial function 
c 0 has degree zero. 

cL 1 ■ 





243 “ 



7.4 Exercises 



1. 


(a) 


3 


(b) 


5 


(c) 


3 (d) 0 (e) 


no degree 


2. 


(a) 


2 


(b) 


1 


(c) 


0 (d) no degree 






(e) 


7 


(f) 


2 


(t r ) 


4 (h) 10 (i) 


1 U) 2 


3. 


(a) 


V? 


(b) 


-5 


(c) 


- | (d) third (e) 


3 (f) -5 


4. 


(a) 


6 


(b) 


-8 


(c) 


third (d) second(e) 


2 (f) -8 


5. 


(a) 


-7 


(b) 


-10 


(c) 


0 (d) 0 (e) 


-4 


6. 


(a) 


-3 


(b) 


-3 


(c) 


5 (d) 0 (e) 


0 


7. 


(a) 


0 


(b) 


1 


(c) 


1 (d) 0 (e) 


0 




(f) 


no 


degree 




(g) 


1 




8. 






















Polynomial 




Polynomial 


Real 








Cver, Integers 




Over Rationals 


Polynomials 




(a) 




X 






X 


X 




(b) 












X 




(c) 




X 






X 


X 




(d) 




X 






X 


X 




(e) 




X 






X 


X 




(f) 




X 






X 


X 




<g) 










X 


X 




(h)_ 












X 




(i) 




X 






X 


X 



O 
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7.5 Addition of Polynomials (P, +) . (Time for 7.5 and 7.6 
= 1 to 1 ^ days) 

The purposes of this section are twofold: 

1. to develop an understanding that (P, +) is an operational 
system. Here P is the set of polynomial functions and 

+ is function addition. 

2 . to develop skill in the addition of polynomials. 

The purpose of Example 1 — and of several of the 
exercises in Section 7.6 — is to remind students that, for 
instance, "4x s - 3 x + 6 " is a legitimate substitution for • 

"(9x 9 + 3x - 2 ) + (- 5 x® - 6 x + 8)" since for every x e R, 

(9x 8 + 3x - 2) + (-5x* - 6 x + 8 ) = 4x a - 3x + 6 . Lest some 
students miss the importance of this, it is important to 
use some numerical instances. (See Section 7.6, exercise l) 
Emphasis is placed on the fact that (P, +) is a 
commutative group by developing some of the properties within 
the exposition and leaving others to be done as exercises. 

It is therefore important that exercises 19# 20, 21, 22, 23 
and 29 (in Section 7.6) be completed. 

The theorem (it is not stated as a theorem in the text) 
concerning the degree of a sum of two polynomial functions 
should follow easily from consideration of specific illustrations. 
Note that the general theorem does not apply if either of 
the functions p,q is c Q . "Max" is an operation on the real 
numbers; so both deg(p) and deg(q) must be numbers in order 




<7 



245 - 



for the theorem to have meaning. Since deg(c^) is not 
a number, the exclusion is necessary. 

7.6 Exercises 



NOTE: Teacher discretion is advised in assigning only 

a limited number of problems. Imperative in the assignment 
should be 1, 19 to 23, 29* 30, 31, and 38 c,d. 



1. (a) 3x a - 4 x 9 - 4x 

(b) Oj 24 - 16 - 8 = 0 ; check: -10 + 10 = 0 

(c) 0; o - 0 - 0 - 0} check: 4 + (-4) = o 

(d) -455} -375 - 100 + 20 = -455; check: -311 + (-144) = -455 

2. 4x 9 - - W 

3. -13X 3 - 12 x 9 - 5x + 17 

4. -30x 

5 . 5 x3 . | x a + 5 X 

6. 0 (zero polynomial) 

7. 2 f 2 x 9 + (f - nT 5 )x + ( V7 + 

8. 2xi° 

9. x 4 + 1.2x® + x* - .4x + .7 

10. tAc 9 + x + 

11. -7x* + |x® + |x» - 7x + 6 

12. (a s + b 8 )x 9 + (a 1 + b x )x + (a Q + b Q ) 



13. 

14. 

15. 

1 6. 

17. 

18 . 
19. 



20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

O 
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5x 3 + x + 11 

-llx 8 - 4x s + i4 + 4x 

20 x 4 + 3x 3 - x® + 4x - 17 



0 (zero polynomial) 

42 x 3 - 16 x 8 + 6x + 25 
|x 4 + x 3 - x® + !* + J- 
(a) -2 0x s + 9x - 15 (b) 

(c) 7x 8 - 3x + 8 (d) 

(e) 10x 3 + 8x 9 - 7x - 19 (f) 

(a) 0 (zero polynomial) (b) 

(c) 0 (zero polynomial) (d) 

(a) 0 (zero polynomial) (b) 



(a) -f: x > - + 3x - 7 

(a) -g: x * - 3x® - l4x® + 

-3x* - l4x 3 + 35x + 19 



l4x 10 - 7x® + 6x® + (16 +V6) 
7x 8 - 3x + 8 
4lx 3 + 19x 8 - 22 
0 (zero polynomial) 

0 (zero polynomial) 

g: x > -3x 8 + 4x - 6 

(b) 0 o 

35* +19 (b) C 0 



X s + 7x - 5 

-7X 4 + 5x 3 - 8xs + l4x + 8 
-17x 3 + 8x - 9 
-4x a + 9x - 10 

(a) associativity, commutativity, identity element, 
inverse for each element 

(b) yes 

(a) yes (b) yes 

5x 8 - 12x + 39 
6x 3 - l4x 8 + 13x + 11 
-2.5x* - 5.4x 8 - 2.8 
|*. + }* - 1 
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35. 


a/2x 


+ 9 












36. 


-17x4 


- + 8x® - 19x 8 - 


12 x + 


10 








37. 


5x 3 ■ 


- 3x 8 + 2 Ox - 18 












38. 


(a) 


4x 3 - 2x 8 - 4x - 


1 


(b) 


4x 3 


- 2x 8 


- 4x - 1 




(c) 


6x® + 2x 8 - lOx 


+ 11 


(d) 


4x 3 


+ 4x 8 


- 12x + 13 




(e) 


4x® - 2x 8 - 4x - 


1 


(f) 


6x 3 


+ 2x 8 


- lOx + 11 


39. 


(a) 


deg (f+g) = 5 




(b) 


deg 


(f+g) 


= 3 




(c) 


deg (f+g) = 6 












4o. 


(Pq, 


+) is a subgroup 


of (P 


* +)• 












+) is a subgroup 


of (P 


CJ* +) 


• 







7 . 7 Multiplication of Polynomial Functions (P,+, «) 



(Time for 7.7* 7.8 = 2 to 2^ days) 

In this section the emphasis is on the operational system 
(P, *) and on developing skill in multiplication of polynomials. 

An interesting aspect is that (P, •) forms an operational system 
while it does not form a group. While stressing that the 
product of two polynomials is always a single polynomial, it 
can be said that the group structure fails only because the 
inverse property fails. 

In studying two specific cases to demonstrate closure 
under multiplication, students must accept the theorem that 
deg(p*q) - deg(p) + deg(q) j p ^ c Q } q ^ c Q . 
Incidentally the proof that ( P, • ) is not a group, involving 
proof that at least one polynomial x 8 , does not have an 
inverse, might be used to remind students that one counter- 
example is enough to prove that a general statement does not hold. 

fim 




* 
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The question in the text, "Can you identify some 
polynomial functions that do have inverses in (P, •)?" 
is easily answerable. It is precisely the subset of poly- 
nomial functions of form c„, a € R and a ^ 0. (Example: 

inverse of x — > 4 is x i • c 4 • c^ = Cj ) . No other 

' .% 

polynomial has a polynomial multiplicative inverse. 



TO THE TEACHER: 



In summarizing the properties of (P,+, . ), the text notes 
that these are the defining properties of a commutative ring 
with unity . (This might be omitted, with omission also of 
Exercise 58 and 59 in Section 7 . 8 ). 



ERIC 



PROPERTIES 


RING 


COMMUTATIVE 

RING 


RING 

WITH 

UNITY 


COMMUTATIVE 
RING WITH 
UNITY 


(S, + ) operational system 


YES 


YES 


YES 


YES 


(S,+) associativity 


YES 


. YES 


YES 


YES 


(S, + ) identity 


YES 


YES 


YES 


YES 


(S, + ) inverses 


YES 


YES 


YES 


YES 


(S,+) commutativity 


YES 


YES 


YES 


YES 


(S|{o),v) operational system 


YES 


YES 


YES 


YES 


(s|{o 1 ,*) associativity 


YES’ 


YES 


YES 


YES 


(s|{o}*‘) identity 
( S | { 0 }, • ) inverses 






YES 


YES 


( S | fo}, • ) commutativity 




YES 




YES 


(S,+, •) ‘distributives over 


+ YES 


YES 


YES 


YES 






2f?0 
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7.8 Exercises 



NOTE: Teacher discretion should again be employed in 

assigning a limited number of these exercises. Imperative 
to any assignment should be 1 to 5, 20, 21, 26, 29, 

49, 5^, and 57. 



2. x® + 7x + 10 

3 . x* - 3x + 10 

4. x a + 3x - 10 

5. x s - 7x + 10 

6. 2x a + 17x + 21 

7. 10x 3 + 13x - 30 

8. 2x® - 15x s - 7x - 8 

9. x 4 + 4x® - 8x a + llx + 4o 

10. 12x 8 + 28X 4 + 32x 3 - 21x® - 49 x - 58 



1. (a) x 3 + x a - 2x - 8 

(c) -20 - ( -5 ) ( ^ ) 



(b) 0 = 0*l4 



(d) -8^ = (- I*) (5^) 




13. .06x 8 + .Olx - .35 

14. 2x'° - 6x* + 10x 8 + 5X 4 - 15x a + 25 

15. x 18 - 2x 8 + 8 x 7 - 16 

16. x 9 + l4x + 49 



O 
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17. 


x s - l 6 x + 64 


00 

H 


9 x s - 6 Ox + 100 


19. 


4x 8 + 2 Ox + 25 


20 . 


y 8 + 8 y + 16 


21 . 


a 9 - l 8 a + 8 l 


22 . 


t 3 + t + ^ 


23. 


x 9 + &s/ 2 x + 2 


24. 


t 9 + 32 t + 256 


25. 


x 9 + 2 bx + b 9 


26 . 


a®x 9 + 2 abx + b 8 


27. 


x 4 + 4x* + 6 x a + 


28 . 


a 8 x* + 2 abx® + ( 


29. 


y a - 16 


30. 


x 3 - 36 


31. 


t 9 - i 

t 3 - 


32. 


a s - .36 


33. 


4x a - 49 


34. 


9x a - 16 


35. 


36a 8 - 49 


36. 


ix* - i- 


37. 


x 3 - 5 


38. 


9t a - 6 


39. 


x 8 - b 8 


4o. 


a 8 x 8 - b 8 


4l. 


x 3 + 8 


42. 


a 3 - 125 
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x a + 2bcx + c 8 
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43. 


z 4 - 


5z 3 + l4z 8 + 8z - 96 




44. 


8n 4 


+ 5611 s + n + 7 




45. 


a 3 + b 3 




46. 


a 3 - 


b 3 




47. 


3 Ox 9 


- 2x 3 + 29x 7 + 51x 3 « 


57x s - 6X 4 + 107x 3 + 62x 3 - 59x -4o 


48. 


-5x* 


8 + 5x l3 + 3x 18 + 42 x 1 0 


1 - 2x 9 - 25x 7 - 12 x 5 + 18X 4 + 12x 3 + 108 


49. 


-3x 8 


+ 2x - 7 




50. 


-3x 8 


+ 2x + 7 




51. 


x 8 - 


V*5 




52. 


X s - 


C5 




53. 


-6x a 


+ 5x + 56 




54. 


(a) 


-x B - 5X 4 - 6x® + 3x 3 


+ l6x + l4 




(b) 


-x 8 - 5X 4 - 5x 3 + 4x s 


+ x - 6 




(c) 


0 •; 






(d) 


x 8 + 5x + 6 






(e) 


x 8 + 4x 4 + lOx 3 - 3x a 


- 12x - 30 




(f) 


-x 8 - 5x - 6 






(g) 


-x 3 - 5x - 6 






(h) 


x 3 + 5x + 7 






(i) 


x 3 + 5x + 6 






(j) 


-x 8 - x 8 + l4x* + 27x 3 


+ 3x 8 - 42x - 72 




00 


x® - 6x 3 + 9 






(1) 


x 8 - x 4 - 16 X* - 37x 3 


- 6 Ox - 27 




(m) 


x 3 - 3 






(n) 


x* - 3 




55. 


yes 
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yes 




m 
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(a) 


x n + 3 x* + 1 


+ 3 x 3 


(M 


x 3 + 1 




(c) 


2x 6 + x 




(d) 


4 x xo + 4 x* + 


x 3 + 1 


(e) 


2(x 8 + 1)* + 


(x 3 + 1)} or 2x x ° + 10x 8 + 20x* + 20x* + llx a +3 


(f) 


yes 




(g) 


J 




(h) 


m*n or n*m 





58. All except (a) and (g) 

59 . In (a), (W,+, •) has no additive inverses, (except 0 ) 
In (g)* (2x2 matrices, +, • ) is not commutative under 
multiplication. 



7.9 Division of Polynomial Functions (Time for 7 . 9 * 7*10 = 2 to 3 days) 



(P, •) is not a group since it lacks inverses. Students 
should realize that they cannot readily change a 4- b to the 
form a*b“ l . It is necessary here to view the division of 
polynomials from the standpoint of the division algorithm: 

"given positive integers a and b, b^O, there exist 
unique whole numbers q and r such that a = b * q + r 
where 0 < r <b. " 

Simple arithmetical problems using the division algorithm 
should be done in class by the teacher, both for review and 
as an introduction to the more complicated polynomials . 

The development of this algorithm is done by a series 
of examples in the text but certainly more are needed for 

aningful student comprehension. Emphasis for (f * p) is placed 
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on the identity 

f = C(q-p) + r] 

where q and r can be thought of as quotient and remainder. 
This eventually takes on function notation to allow for 
polynomial functions* 

f(x) = [q(x)p(x)] + r(x) 



To the teacher: 



While the proof (because of length and difficulty) is 
omitted from the text, it can be proved that, given two poly- 
nomial functions £ / c D and f, there exists unique polynomial 
functions q and r, deg(r) ^ deg(p), such that f= [(q • p) + r]. 
The proof is outlined below. 

Proof of existence : 

(1) Let f(x) = a n x n + a ^x 11 * 1 + ... + a 4 x + a Q (a R / 0) 

P(x) = b m x m + b m-1 x m_x + ... + b x x + b Q (b m t 0) 
n = deg(f); m = deg(p) 

(2) If n ( m, then q must be c^, and r = f. 

(3) If n ) m, consider the general case: 




0 n-m 

f(x) 3 n x r(x 

p(x; Em + p(x 

a x n “ m 

f(x) = — • P(x) + r(x) 

a x n “ m 

f ( x ) ” “ n bm”“ * P( x ) = r ( x ) 
Here, r(x)=c Q or deg (r) < n. 

99 ^ 
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a x n-m 

(4) if r(x) = c 0 , then f(x) » ■■■ bm ~ . p(x). 

a x n “ m 

(5) If deg(r) < n, then f(x) = — • p(x) + r(x) 

bm 

Proof of Uniquenessj 

(1) Assume there are two pairs of polynomials £ and r 
satisfying the required conditions. 

f = qp + r 
f = q'p + r* 

(2) qp + r - q'p + r j 

(3) qp - q’p = r’ - r 

(4) (q-q' )p » (r> -r) 

(5) If (q-q' ) 7* c Q , then deg(p) <, deg(r'-r) 

(6) But deg(r) < deg(p) 

deg(r' ) < deg(p) 

Thus deg(r' -r) (. deg(p) 
or deg(p ) > deg(r' -r). 

(7) This contradicts the last statement, thus proving 
uniqueness. 

The last part of this section deals with the divisibility 
of x 11 - r n by x - r, where both are real polynomials. This 
is of some interest in its own right of course, but its use 
in this chapter is primarily in proving the Factor Theorem 
,( Section 7.13). Thus, if one plans to omit the Factor Theorem, 
part of the present section might also be omitted. If it is 
included, be sure students understand that divisibility by 
O x + r is included since x + r = x - (-r) is of the desired form. 

ERIC 
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7.10 Exercises 



Note ; The teacher should limit the number of exercises 
assigned to students to comply with the ability of the 
individual student and/or class. 



1. q: x -4 x + 10 
r: x — > 35 





deg(p) » 1; deg(r) » 0 




2. 


q: x — > 3x 3 - 7* + 4 






r: x 27x - 27 






deg(p) = 2; deg(r) = 1 




3. 


X 3 

q: x — » 






r: x > 12 




4. 


a(x) = x 3 ; r(x) = 0 




5. 


a(x) = 0} r(x) = x 




6. 


q(x) = x + 2} r(x) = -1 




7. 


q(x) = x 3 + 2x + 4; r(x) 


« 0 


8. 


q(x) = 0; r(x) = x - 2 




9. 


q(x) = ix 8 - |x B + 7x* - 


lx 3 + 4x 3 


10. 


a(x) = x + 2; r(x) = -4 




11. 


q(x) = x ~ 3) r(x) » 0 




12. 


q(x) = 1; r(x) = 0 






+ 



5 . 
2 ' 



r(x) = 0 




P'Y i, 
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13. 


q(x) 


= 2x + r(x) = - | 




±4. 


q(x) 


= 2x 3 + 3x - j } r(x) = j 




15. 


q(x) 


= 5x - 2 ; r(x) = -lOx 




1 6. 


q(x) 


= x 8 + x 3 - 3x 3 + 7x - 1 ; r(x) = -4 




17. 


q (x) 


= 2x + 3 ; r(x) = 0 




18. 


q(x) 


= 2x + 2 ; r(x) = 3 




19. 


q(x) 


- |x - 2 i r(x) = 0 




20. 


q(x) 


= x 3 - 3x + 9 ; r(x) = 0 




21. 


(a) 


q: x > x - 5 ; r: x > -7 






(b) 


-7 = ( 0)(3 ) + (-7) 






(c) 


21 = (-7K- 2 *) + (-7) 






(d) 


-7 = ( —3 ) ( 0) + (-7) 




22. 


(a) 


q: x ^‘2x 3 - 15x + 67 ; r: x V -321 




(b) 


3 = (54)(6) + (-321) 






(c) 


l4 = (67 ) ( 5 ) + (-321) 






(d) 


-321 = -321 




23. 


In the first case, deg(r) ^ deg (p) 




24. 


(a) 


T (b) T (c) F (d) T (e) F (f) T 


(g) 




(h) 


T (i) T (j) T (k) T (1) T (m) T 


(n) 




(o) 


T (p) F 




25. 


(a) 


T (b) T (c) F (d) F (e) T 




26. 


(a) 


T (b) T (c) F (d) P (e) T 




27. 


q(x) 


= x 8 + x* r + x 3 r 3 + x 3 r 3 + xr* + r® 




28. 


q(x) 


= x 8 + x® r + x 4 r 3 + x 3 r® +x 3 r 4 + xr® + r* 






2P 
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29. (a) q(x) = x 2 + 2x + 4 

(b) x s - 2x + 4 

(c) q(x) = x 2 

30. q(x) = x 9 + x 8 r + x 7 r 2 + x^r 3 + x 5 r 4 + x 4 r B + x?r 9 + x s r 7 + xr 8 + r q 



7.11 Polynomial Factors and the Factor Theorem 
(Time estimate for chapter 7.11, 7.12 = 2 to 2^ days.) 

Whereas students previously factored polynomials with 
leading coefficients of "1" (see Course II, Chapter 4), this 
section is a natural extension to polynomials with various 
leading coefficients. 

The method used here is a rather general one for tri- 
nomial quadratics, being based on distributivity. The student 
should see that it applies equally well if the leading co- 
efficient is 1, as in earlier examples he has met. Thus, 
x s + 2x - 15 = x 2 + (R + S)x - 15. 

R + 3 = 2, and RS = -15. 

So R = 5, S = -3 



x a + 2x - 15 - x 3 + (5 + -3)x - 15 
= x 3 + 5x - 3x - 15 
= x(x + 5) - 3(x + 5) 

= (x - 3 )(x + 5 ). 

One must be careful about the use of the words "factor" 
and "prime". The number 5> for instance, is prime over the 
set of whole numbers, since in that set it has no factors other 
than itself and 1. Over the set of rational numbers, however, 

ERJC 
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it is not prime; among others, it has the factors ^ and 10. 
Similarly, 5 is not prime over the set of real numbers. Thus, 
the words "prime" and "factor" are relative to the domain 
under discussion. In number theory, it is usually the whole 
numbers (or at most the integers) which constitute the 
domain, and thus 5 is classified as prime. 

A similar situation exists when one considers factoring 
polynomials, specifically in this case trinomials of degree 
two. Here the domain must be specified for the allowable 
coefficients. Consider, for instance, "x 2 + 4". We are used 
to calling it prime, as indeed it is if the domain is the 
set of integers, the only factorization then being l(x 3 + 4) 
or (-l)(-x 2 - 4). However, if one were to allow rational 
coefficients, the factorization ^-(2x 3 +8), among others, 
would be possible; clearly it is the product of two polynomials, 
neither of which is a unit. As one other example, x 3 - 2 
is not prime if one chooses R as domain, for the factorization 
(x +-s/2)(x - -v/2 ) is then available. 

The truth of the matter is that if the complex numbers 
are chosen as domain, any quadratic ax 3 + bx + c (a/0) has 
factors: 

(X 53 )(x -25— ) 

For these reasons, the student is reminded that we are 
looking for factors of a particular kind, namely (ax + b)(cx + d), 
where the coefficients are integers (we are "factoring over the 
integers". 
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The Factor Theorem has many uses in mathematics [see for 
instance Example '5, in which the graph of a function is 
sketched, using zeroes of the function. ) Point out the 
assumption here that the graph of a polynomial is a 
"smooth curve". However, it might be omitted at this 
time if the chapter seems to be consuming too much tjme. 

In that case, omit also Exercises 21, 22, 23, 24, and 25 of 
Section 7.14. 



7. 


12 Exercises 




1. 


f: x X 


x + 7 


g 


2. 


f: x ^ 


3x - 5 


g 


3. 


(x ■ 


- 8)(x - 


• 3) 




4. 


(x + ll)(x 


+ 3) 




5. 


(x - 


■ 8)(x 4 


- 1) 




6. 


(x + 7) (x 


- 5) 




7. 


(2x 


+ 3)(x 


-7) 




8. 


(4x 


- 3)(x 


+ 5) 




9. 


(5x 


+ 2 )(x 


+ 2) 




10. 


(7x 


- 2 )(x 


+ 3 ) 




11. 


(5x 


+ l)(3x - 2) 




12. 


prime over 


the integers 


13. 


(6x 


+ 5)(x 


- 10) 




l4. 


(2x 


+ 3 )(3x - 8) 




15. 


(9x 


- 2 ) (x 


+ 3) 






i 
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16. (a) (x + 2 )(x - 2) 

(b) (x + 4)(x - 4) 

(c) (n + 10)(n - 10) 

(d) (2x + 3)(2x - 3) 

(e) (5y + 7)(5y - 7) 

(f) (x + b)(x - b) 

(g) (ax + b ) (ax - b) 

17. NOTE : Students may, by this time, recognize these 
as (a + b) a and (a - b) a . 

(a) (x + 3 )(x + 3 ) 

(b) (a + 5>(a + 5) 

(c) (x - 4)(x - 4) 

(d) (x - 12)(x - 12) 

(e) (x - a)(x - a) 

(f) (x + a)(x + a) 

18. (a) +49 

(b) +8.1 

(c) 

( d ) + $ 

(e) + |* 

+ & I 



19. 


b,c. 


and d are prime 


i 


20. 


a and d are prime | 




21. 


(a) 


0 (b) yes 


(c) x 3 + xi+ 2 


22. 


(a) 


-28 (b) po 


O 

a 


ERIC 


(e) 


1 

-x a + x - 5 





yes 
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23. (a) 0, (b) yes 

24. (a) p(5) = 0 (b) (x 

(c) 



X 


y 


-1 


0 


0 


15 


l 


16 


2 


9 


3 


0 


4 


-5 


5 


0 



(c) x 2 + |x + ^ 
5 )(x - 3 )(x + 1) 

y 




25. (a) 



X 


y 


-l 


0 


0 


-15 


l 


-16 


2 


-9 


3 


0 


4 


5 


5 


0 



(b) (5 - x ) (x 




- 3){x + 1) 



7.13 Quadratic Functions and Equations (Time for 7.13, 7J.4 
= 2 to days . ) 



The student has had extensive work with the graph of x a , 
and in Chapter 4, of ax a and ax 3 + b. In this section we 
work to the more general form 

a(x - h) s + k 




0^0 
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Students should see that this may be considered as the 
graph of a condition C' (x* ,y' ), obtained from the graph 
of ax 3 (condition C(x,y)) by the translation (x + h, y + k). 

The various possible intersections of the graph of a 
quadratic function with the X-axis should lead naturally 
to a discussion of the number of zeroes — none, one, or two — 
and hence to the possible number of real solutions of a 
quadratic equation. 



The technique of completing the square is not an easy 
one for students, and it is quite likely that Example 3, 
and similar examples, will have to be carefully explained 
in class. The teacher should refer back to problem 18 of 
Section 7.12 (completing the square) and could present 
quadratics with leading coefficients = 1 before doing 
Example 3. 

NOTE : Special attention should be paid to problem 7(i) 

in Section 7.14, since it develops the general solution for 
a quadratic equation . A good deal of class time should be 
devoted to its development and meaning. Various other 
approaches can be taken here: 

Approach 1 : ax 3 + bx + c = 0, a ^ 0 
a(x s + — x) + c = 0 

£ <* 3 + ! x + SST> + 0 - a <!&> 

<* 3 + i* + * ! - & 

(x 3 + |* + Igsr) - as*— <s| )° 



a 



O 

ERIC 






4a. 3 
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b t/W - '4a‘c 
2a = “ " 2a 

-bi/b 2 - 4ac 
K “ 5a 



Approach 2 ; ax 3 + bx + c = 0, a ^ 0 
4a(ax 3 + bx + c)= 4a(o) 

4 a 3 x 3 + 4a,bx + 4abc = 0 
4a 3 x 3 + 4abx = -4ac 

4a 2 x 3 + 4abx + b 3 = b 3 - 4ac 

(2ax + b 2 ) = b s - 4ac 
2ax + b = - vTd 2 - 4a.c 

2 ax = -b t </b 3 ' - 4ac 

. _ -b t \T d s - 4"ac 
x = 



7 . l4 Exercises 



1 
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2 . 



f(x) 




3. 



O 

ERIC 



f(x) 




4. (a) (x - 6, y + |) 

(b) (x + 2, y + 4) 

(c) (x + i, y - 3) 

(d) (x - 7, y - 10) 

(e) (x + 0, y + 2) 



C-6- 

[2, 4] 

-3] 

[”7> -io] 

[ 0 , 2 ] 




* * 



- 266 - 



6. These problems should be approached from the concept of 
completing the square and finding the zeroes of the 
function as indicated in section 6.13. 




(x + 




1 



f -3 , —2 1 •= zeroes of 

the function 



(X + |)» ♦ % 



no real zeroes 



2(x + $)= - 121 








288 



- j) = zero points 




f3. 



* 8(* + f 



C-3, 



- = zero points 



2(x + f) 3 + §■ 



no real zeroes 




269 




(i) 




/ 3 v 2 13 

(x + g -) 2 - tp 



r-3 + Vl3 -3 -Vl3, 
I 5 * 5 f 



O 

ERIC 



270 
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(k) 




3(* + |) 3 - ™ 

/ -2 + VlO “2 - VlO\ 
3 > 3 > 



( 1 ) 

(7)(a) 

(d) 

(g) 



a < x + 


, 4ao - 
+ tfe? 


P 3 

t 


-V 5 
2 




K -3 


(b) 


-1 


(c) -3 


- 1 ' 1 


(e) 


no 


real 


solutions (f) - 1 


-!• 1 


(h) 


1 

2* 


3 


a) ^ v - b g a ' 4ac 




2 ze.ro points 




1 zero point No zero points 







7.15 Rational Functions (Time for 7.15j 7.16 = 1 to 1-- days) 

The first definition of a rational function presented 
in this section is a natural extension of the definition of 
polynomial function. The generating functions in both cases 
are the same — and c . a <= R. However, in the case of a 

i\ cl 

rational function, division is also permitted. Of course it 
is also useful to think of a rational function as simply 
the quotient of polynomial functions, and this is presented as 
a second and alternative definition in the section. Be 
sure students understand that every polynomial function 
is a rational function (denominator = l). 

Whereas the domain of a polynomial function presented 
no difficulty (unless there is some external reason to 
restrict the domain, it is always R) the domain of a 
rational function is always important to consider. A rational 
function considered as the quotient of two polynomials p/q 
will never have the zeroes of q in its domain; the class might 
discuss once more the reason for this, the inability to define 
division by zero. We shall generally assume the domain of 
a rational function to be the greatest possible subset of R. 

The graphs of rational functions included in this section 
and in the exercises are meant to be simply rough sketches and 
highly intuitive. Emphasis should be placed on using the 
excluded values to draw asymptotes, and on locating enough 
specific points to get an idea of how the graph "behaves". 

"Gets bigger and bigger", "gets closer and closer", etc. are 
phrases that probably will have much meaning for students 
in connection with these graphs. 
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7 . 16 Exercises 

1. (a) yes (b) no (c) no 

2. (a) Polynomial and rational 

(c) Rational 

(e) Rational 

(g) Polynomial and rational 
(i) Neither 
(k) Rational 

3. (a) R|fOl 

(c) R | f -5 1 
(e) R 




O 

ERIC 

hfflinaffHHaaaa 




(a) 
( 6 ) 
(d) 
(f) 
(h) 
(j) 
( 1 ) 

(b) 
(d) 

(f) 

(h) 



yes (e) yes (f) no 
Rational 
Rational 
Nei ther 

Polynomial and rational 

Polynomial and rational 

Neither 

R|{31 

R|{-51 

R|f~7,3! 

R|{0, 3, -12, -s/21 



5. 



7. 



27 
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xiro|x|ou 
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7.17 Operations with Rational .Functions 
(Time for 7.17, 7.18 = 3 to 3^ days) 

The work of this section is concerned with the now familiar 
concept of operations on functions. This time, however, the func 
tions are rational functions, and the work is done primarily 
by means of the associated rational expressions. Thus the 
student encounters the traditional high shcool algebra content 
of " algebraic fractions ". Also traditionally, this work 
has not been easy for students , and the examples in the text 
will almost surely have to be explained carefully and buttressed 
by similar examples. 

Again it is important to emphasize the domain of rational 
functions. In a division problem the zeroes of the numerator 
of the divisor must also be excluded. As an example, in 
§-J-| + * the domain is R|M,2,7}. 

The text does not discuss the structure of (RF, +, • ), 
where RF is the set of rational functions. This is because of 
some inherent difficulties whose resolution would only add 
to the length of an overlong chapter. For instance, while the 
function c 1 is surely the identity function for multiplication, 
the product of x and ^ is not exactly the function c t , whose 

domain is R, but rather the function x > 1, with domain R|{01. 

Similarly, the product (x - 2) * — — •• - 0 is not c, , but the 

function x > 1, with domain R|f2”l. A similar difficulty 

arises in the additive structure. Here Cq is the identity. 



O 

ERIC 

hfliflaffBHaaaa 
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Yet i is not Cq, but the function x ^ 0, with 

domain R|{01. In this connection, see Exercises 3 and 4 
of Section 7.18. Except for these difficulties with domain, 
(RF, +, .) would of course be a field. 

Even so, analogy with the field of rational numbers is 
probably a good one to emphasize. The text does some of 
this, and Exercise 1 of Section 7.18 is directed to this 
analogy, helping students relate new learning to old. 



7.18 Exercises 



1. 



I \ ctd - 

(a) J5 



8x - 5 

(x + 2 )(x - 5) 



or 



8x - 5 

x 3 - 3x - 10 



(b) 



29 

TU5 



3x 2 — x 

'('x - 2 )(x + 1 ) (x + 3 ) 



or x42x«-5x-6' 



(c) 



10 

2T 



(x + 2 
(x~ 12 



# 



x + 5) 

X 3 - x ) 



or 



x a + 7x + 10 
x 3 - l3x a + 12 x 



(d) 





2 . 




(a) 


x 3 - 3x + 12 


R| (7i -31 


(x - 7)(x - + _ TT 


0>) 


-x s + llx + 12 


H| {7i -31 


Tx TKx + TT 


(c) 


4x 


R| [7» -3} 


Tx - 7 ) ( x + T) 


(d.) 


x 3 + 4x + 12 


R| {7> -31 


(x - 7)(x + 3) 


(e) 


7x 


R| [It -3} 


(x - YTTx + 


(f) 


4x + 12 

X* 


R|{0, 7i -3} 


(e) 


x 3 - 3x + 12 


R|{0, 7, -3} 


X s " 
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3 . 



4. 





(x - 5) is a. polynomial 
function with domain 
Rl{5). Therefore 
a(x - h) + k, where h = 5, 
k = 0. 



(a,b) € f = > ( -b } € h 



(d) False (not true for x = 0) 



5. 

6. 


x a + 6x - 10 


x ^ 0, -5 
x/2, -2 


~ x( x + 5) 
x a + 4x 


(x + 2 )(x - 


7. 


x + 3 
x + 2 


CVJ 

CVJ 


8. 


1 


x ^ 2 


9. 


0 


x ^ 0 


10. 


x + 3 

?”+T 


x/2, -3 


11.. 


P 


x ^ 0 



O 

ERIC 
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12. 


x 3 + 2x + 4 


V 


CVJ 

•» 

CVJ 

1 


" x + 2 


A 


13 . 


13x 3 - 6x - 1 


Y 


J . 1 2 


(3x + l)(5x - HTX 


A 


^ J* 5 


l4. 


13x 3 - 6x - 1 


Y 


/ 1 2 
* “ 7' 5 


(3x + l)(5x - 2 ) 


A 


15. 


x + 7 


Y 


^ 7, 2, 5 


CVJ 

t 

X 

*~*s 

t- 

1 

X 


A 


16. 


x 3 - 5x a - 9x + 115 


Y 


^ -2, 3, 


(x + 2 )\x - 3 )(x - 5) 


A 



7.19 Summary 



7.20 Review Exercises 



1. 


(a) 


polynomial 


and 


rational 




(b) 


neither 








(c) 


neither 








(a) 


polynomial 


and 


regional 




(e) 


rational 






2 


(f) 


rational 








(g) 


polynomial 


and 


rational 




(h) 


rational 








(1) 


neither 








(d) 


polynomial 


and 


rational 


2. 


7x® 


- g-X 3 + x - 


1 

U 




3. 


x 3 


- 15x® + 43 x 


- 84 


4. 


JfX? 


- 4x 3 + 17x 


+ ns 


> 

r 


5. 


X s 


- 2 






6. 


9x 3 


+ 42x + 49 
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7. 


6x 3 


- 42x 3 + l4x 


- 98 


8. 


0 






9. 


8X 3 


- I6x 3 - 20 




10. 


x 9 - 


21x s + 1^7x 


- 343 


11. 


(a) 


q(x) = 2x - 


17 

T 




(b) 


q(x) = x a + 


2x + 4 




(c) 


q(x) = x 3 + 


x + 1 




(d) 


q(x) = |-x + 


1 


12. 


(a) 


(3x - 2){2x 


+ 7) 




(c) 


(5x - 2 ) ( 5x 


- 2) 


13. . 


(a) 


2(x + l) a - 


2 




(b) 


2(x - J) 3 - 


49 
“8 r 




(c) 


2(x + J-) 8 + 


39 

“8" 




(d) 


2(x - |) a + 


55 

8” 



i4. 



r(x) -W& 
r(x) - 0 
r(x) = -7 
r(x) = 

(b) prime over Integers 
T«i f -a 

T i *-¥■ 

’H’V 

9 




ERJC 
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15. 


(a) 


-4, -3 


(b) 


-3, 1 




(c) 


no real zeroes 


(d) 


3 

2 


16 . 


(a) 


fV"7, -V7) 


(d) 


no real solutions 




(c) 


f-i- 5 } 


(d) 


{-1 + V3, -1 - 




(e) 


to, 


(f) 





17. 




i 

! 

j 

? 

t 

I 

i 



x — * (x-7)(x-2)(x+5) becomes 

x } x 3 - 4x® - 31x + 70. 

This is a polynomial function since it can be expressed 
as the addition and multiplication of the identity function, 
j R , and the constant functions (c- 4 , c- 3l , c 70 ). 



3 

ERIC 
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SAMPLE ITEMS: CHAPTER TEST ON POLYNOMIAL FUNCTIONS 



Part I ; Select the best answer and rewrite the "letter" only 
at the right. 

1. Which is NOT a polynomial: 1. 

(a) x 3 - |=oc (b) x 8 + 7 (c) x - ~ (d) 5 + Vx 

2. Which polynomial functions represent the polynomial (2x 3 )? 2. 

( a ) 0^ Cj (b) ^s'^r'^r'^r ( ® * *^R* * Jr (^) none 



3. Which of the following is equivalent to (c- 3 *j R )? 3. 

(^) ^R* (^) c -i * <j (®) ^”1*^R (d) C— j*tC 

4. The degree of the function x — ^ 0 is: 4. 

(a) 1 (b) 0 (c) none 

5. 3x s + *J9x. - ^ is NOT a polynomial over the! 5. 

(a) reals (b) rationals (c) integers 

6. If deg(f) = 3 and deg(g) = 4, then deg(f*g) = 6. 

(a) 4 (b) 7 (c)l2 (d)4or less 

7. If deg(f) = 3 and deg(g) = 3, then deg(f + g) = 7. 

(a) 3 (b) 6 (c) 9 (d) 3 or less 

8. Which is NOT a commutative ring with unity? 8. 

(a) ( Z,+, * ) (b) ( R,+, * ) (c) (Z 5 ,+, • ) (d) (W,+,«) 

9. The domain of g- is: 9. 



(a) R (b) R| {-4,21 (c) H| { -4,11 (d) R| {-4,1,2 1 

10. Given f:x — ^ 3x a - 2x + 1, the value of f(-2) is: 10. _ 

(a) 5 (b) 9 (c) 17 (d) 4i 

11 . For (x 8 + 6x + k) to be a perfect square polynomial, 11. 

k must equal: (a) 3 (b) 9 (c) 12 (d) 36 

12. The zeroes in R of the function k are 3 and 2. Which is 12. 

the function k? (a) x s +6 (b) x s +5 x+6 (c) x 3 -5x+6 (d) (x-f3)(x+2) 
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Part II - Answer all questions with regard to the polynomial: 

Ox 5 + 3x 4 + -2x® + 7x - 8. 

1. What is the coefficient of x? 

2. What is the constant term? 

3. What is the degree of the polynomial? 

4. What is the leading coefficient? 

5. What is the coefficient of X' 3 ? 

6. What is the coefficient of x 3 ? 

7. What is the exponent of 7x? 

8. What is a 4 ? 

Part III - f(x) - x a - 4 j g(x)=x + 2j h(x) = x - 5 

Perform the operations as indicated and simplify all answers. 

1. [g*h](x) = 

2. [g*g](x) = 

3. [f - g*g](x) = 

4. [f - h ] ( x ) = 

5. [f + g](x) = 

6. [f 4- g] ( x ) = 

Part IV: 

Perform the indicated operations: (Simplify your answers) 

1. (3x - 8)(2x a - 5) 1) 

2. (4x a - 7x + 10) + (x 3 - 2x - 5) 2) 
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3. 

4. 


(x 3 - 
2x a 


3x + 7) ~ (5x a - x - 4) 
_ . ^ 


3. 

4. 


x" - 9 ' x - 3 

x 3 + lOx + 25 . x a - 25 


0 • 


2x + 6 • x* - 2x - "15 


5. 


6 . 


3(2x 3 


- 6x + 4) - 2(3x 3 + 9x + 6) 


6, 


7. 


(2x - 


5)(2x - 5) 


7. 


8. 


(2x - 


5)(2x + 5) 


8, 


9. 


(2x - 


5)(3x + 1) 


9. 


10. 


(x 3 + 


X + 1 ) (x - 1) 


10. 



Part V; 



Identify each of the following as a polynomial expression, 
a rational expression, both, or neither. 



1 . 


|x 3 (* 3x 


1 . 


o 
' » • 


+ 1 


2, 


3. 


x 3 + \/3x 8 + 5 


3. 


4. 


x 3 + 2x a h Vx + 5 


4. 


5. 


3 


5. 



Part VI : 

Write each of the following in the form 3(x - h) 3 + k. Then 
tell how the graph of that function can be obtained from the 
graph of f : x — ^ 3x 8 . 

O 1. 3x a + 6x 1. 

ERIC 

%r>A 
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2. 3x 3 - 2x + 5 



2 . 



Part VII: 



For each of the following pairs of polynomials, f and p, 
find polynomials q and r, with r = c Q or deg(r) < deg (p), 
such that f = ( [p • q ] + r ) . 



1. f ( x ) = 6x 2 - 7x + 10 
p(x) = 3x + 4 

2. f ( x ) = x 3 - 27 
p(x) = x - 3 

3. f(x) = x + 1 
p(x) - x 3 



1 . 



qj_ 



r: 



2 . 



r: 



3. q: 



r: 



Part VIII: Find the zeroes in R of the following quadratic 

functions. 



1 . x s - 8x + 16 1 . 

2. x 2 - 5 2 . 

3. 2x a + 7x + 3 3. 

4. 5x a - 4x 4. 

5. 2x a + 4x - 1 5. 



O 
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Answer Key for Chapter Test 




Part 


Is 1. 


c 4. c 


7. 


d 10. c 








2. 


b 5. c 


8. 


d 11. b 








3. 


c 6. b 


9. 


d 12. c 






Part 


II: 1. 


7 4. 3 


7. 


1 








2. 


-8 5. -2 


8. 


3 








3. 


4 6.0 










Part 


Ill: 1. 


x 3 - 3x - 10 


4. 


X s - x + 1 






2. 


x 3 + 4x + 4 




5. 


x 3 + x - 2 






3. 


-4 X - 8 




6. 


x - 2 




Part 


IV: 1. 


6x 3 - 16X 3 - 


• 15x + 4o 6. 


-36x 






2 „ 


x? + 4x a - 9x + 5 7. 


4X 3 - 2 Ox + 


25 




3. 


-4x 3 - 2x + 


11 . 


8. 


4x 3 - 25 






4. 


6x 3 + 12x 

T~ 




9. 


6X 3 - 13x - 


5 




5. 


x + 5 
2 




10. 


x* - 1 




Part 


V: 1. 


Both 


3. 


Both 


5. Both 






2. 


Rational 


4. 


Neither 






Part 


VI: 1. 


3(x + l) 3 - 


3 


2. 


3(x - j) 3 + 


14 

T 






Translation 


-1, 


-3 


Translation 


1 14 














7* T 


Part 


VII t 


1 . q: 2x - 5 




r: 


30 








2. q: x 3 + 


3x + 9 r: 


0 








3. q: 0 




r: 


x + 1 




Part 


VIII: 


1. 4 


2. 


- V5 


3 - i 


-3 






j, ~ 4 




1 *J~6 i 


V6 








4. 0, ^ 


5. 


-1 + -£-> -1 


“ T 
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Chapter 8 

CIRCULAR FUNCTIONS 
Time Estimate: 18 - 2? days 

The basic concepts of mapping and function have played a 
prominent role in preceding chapters and in earlier courses; and 
two special classes of functions --polynomial and rational — have 
been studied rather extensively. In this chapter the function 
theme is picked up once again, this time with the introduction 
of the circular — or trigonometric --functions. These functions 
differ markedly from the algebraic functions encountered earlier; 
one of these differences, the property of periodicity, is cited 
in the introduction, although a fuller appreciation of periodi- 
city must await the introduction of a wrapping function in 
Course IV. 

Traditionally, the study of trigonometry has begun with 
the problem of solving right triangles, moving on to the solu- 
tion of triangles in general. While this topic has some impor- 
tance (e.g., resolving forces in physics) it is an outgrowth of 
a more analytic study of the circular functions, rather than a 
beginning point. Thus, in the present chapter, triangle solving 
appears in the final section, 8 . 15 . 

The chapter begins with a definition of sensed angles . The 
geometric concept of angle, introduced in 
Course I, is not sufficient for analysis. 

For example, the angle shown at the right 

must be construed as measuring either 90° 

0 1 ► 

or 270 , and injecting the notion of order to pairs of coterminal 



rays allows for this. 

Sensed angles in fact play an important part in the entire 
chapter. The first circular functions developed, SINE and COSINE, 
are functions of sensed angles; functions of numbers are intro- 
duced in a subsequent section. In this chapter, we confine our- 
selves to a measure function (m) which assigns to sensed angles 
only numbers between 0 and 2w (not including 2ir), With the 
introduction of a wrapping function in Course IV, any real num- 
ber may be interpreted as an angle measure. Even so, the measures 
assigned by the m function remain the principal measures, and 
so assume special importance. 

Following is a list of the major topics (concepts and skills) 
of the chapter: 

Definition of sensed angle 
Congruence of sensed angles 
Standard position of a sensed angle 
Measuring sensed angles (m function) 

Circular functions of angles: SINE and COSINE 
Circular functions of numbers: sine and cosine 
Addition of sensed angles 
Graphs of circular functions 

Solution of triangles: Law of Sines and Law of Cosines 

8.1 Sensed Angles (1^-2 days) 

The specific purpose of this section is to present the 
definition of sensed angle — i.e., to introduce the notion of 
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order when considering a pair of coterminal rays. Notice that 
the definition here involves simply the rays themselves, not the 
region "hounded" by them; this stands in contrast to the earlier 
work with geometric angles. 

The definition of congruent sensed angles is made in terms 
of direct isometries, a concept of trans- 
formation geometry with which students 
should be familiar by this time. For 
background here, we offer a rationale 
for this definition, though it would 
probably mean little to students at this 
time. In the accompanying diagram, LAOB and /_A0C, as geometric 
angles, are congruent. However, considering the sensed angles, 
2&0B and 7*A0C, the SINES of the angles are not the same; the SINE 
of tkOB is positive, whereas the SINE of T^AOC is negative. Also, 
the two sensed angles do not have the same measure; the measure 
of ?AOB is ^5°, while the measure of £A0C is 315°, or -45°. 

Hence, because we want congruent sensed angles to have the 
same measure and the same SINE (i.e., we want the same assign- 
ments made to all members of a congruence equivalence class), 
we do not want the angles AOB and AOC above to be congruent. 

And the definition of congruent sensed angles makes it clear 
that these two angles are indeed not congruent, for there is 
no direct isometry mapping initial side onto in'.tial side and 
terminal side onto terminal side. 

Note that the definition of sensed angle does not rule out 
"straight angles" (where the two rays are distinct but collinear) 
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and "zero angles" (where the two rays of the pair are indeed 
the same ray). Such angles in fact play a crucial role in analy- 
sis? they are introduced in Exercises 9» 10, and 11 of Section 8.2 
and should not be omitted. 

8.2 Exercises 

1. (a) T&f and EH* (b) YJf and ’Hf 

( c ) I 7f and ET* ( d ) Wf and EK* 

2. (a) False— no direct isometry will map initial side onto 

initial side and terminal side onto terminal side. 

(b) True— for instance, a translation carrying E to H, 
followed by a rotation, will map one angle on the 
other; both of these are direct isometries. 

(c) False (d) True 

3. (a) Translation mapping B on E 

(b) Yes, since a direct isometry maps initial side onto 
initial side and terminal side. 

(c) Translation mapping E on B 

(d) Yes 

(e) Yes, it is symmetric; the inverse of a direct isometry 
is also a direct isometry. 

4. Z&TN = Asd 

(TTft Ttf) * (SIT, E2f) 

Atr » ZbSA 

5. (a) Identity transformation 
(b) Yes 

O (c) Yes 90f) 

me 
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6 . 



7 . 



8 . 



9 . 

10 . 



11 . 



(d) Yes 

(e) No — a single line reflection would give the required 
mapping, hut this is not a direct isometry 

(a) Translation mapping B on E 

(b) Yes 

(c) Translation mapping E on H 

(d) Yes 

(e) Translation mapping B on H 

(f) Yes 

(g) Yes (the preceding parts are an illustration of this) 
Yes, since it is reflexive, symmetric, and transitive. (Note 
therefore that a single sensed angle may be taken as repre- 
sentative of an entire equivalence class of sensed angles. 

In later sections a standard position sensed angle will often 
be taken as such a representative. ) 

(a) Translation, mapping S onto M, followed by a rotation 

(b) Yes— the two mappings in part a are both direct isome- 
tries; thus their composition is also a direct isometry. 

(c) No — a line reflection will be required, which makes the 
isometry an opposite one rather than direct. 

(a) Yes 

(b) Half-turn 

(a) Yes; translation— D to B— followed by rotation 

(b) Yes; translation followed by rotation 

(a) Yes; translation— 0 to A— followed by rotation 

(b) Yes; translation followed by rotation will give the 




OfH 
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required mapping. 
12. [Student construction] 



8.3. Standard Position (l - Ip days) 




Standard position of a sensed angle is introduced in the 
usual way: the initial side of the angle is the "positive half" 
of the x-axis. The work with ratio of arc length to radius of 
circle should be treated lightly and intuitively, passing quick- 
ly to the unit circle on which all later work will be based. 

The m function introduced in this section is to play an im- 
portant role in following sections, both in this course and sub- 
sequent ones. Essentially it assigns a unique real number between 
0 and 27 r (not including 2 tt) to each sensed angle in standard 
position. Thus it is a one-to-one mapping from the set SPSA 
(standard position sensed angles) to the set [0,2 t r). (Be sure 
students understand that the symbol "[0,27r) ,f indicates that 0 . 
is included, but 2 ir excluded. ) Later, in Course IV, a wrapping 
function will be introduced so that an infinite number of num- 
bers (or "measures") may be associated with a given angles for 
example, a quarter-turn may be associated not only with p, but 
also with etc. Nevertheless, the numbers assigned by 

the m function will remain the principal measures . 

Notice that the choice of [0,2 tt) as the range of m 
means that intuitively we move counterclockwise, 

about the unit circle to determine the arc length 
for a given angle in standard position. Thus for a 

/three-quarter turn, the arc length is not p. 



90.0 



In Section 8.7, trigonometric functions of real numbers will 
be developed by means of composition of functions. One of the 
functions in the composition is the function m”^. Therefore, 
the inverse of the m function merits some attention in the pre- 
sent section. Since m is one-to-one and onto, it has an inverse; 
the domain is [0,2 ir), and the range is SPSA. Some of the exer- 
cises in Section 8.4 (see, for instance. Exercise 8) deal with 
this inverse function. 

It was established in Exercise 7 (and preceding exercises) 
of Section 8.2 that congruence of sensed angles is an equivalence 
relation. Thus every sensed angle, in standard position or not, 
is congruent to some standard position sensed angle. Emphasize 
the principle stated in this section to the effect that all 
angles in the same equivalence class are assigned the same 
measure. Thus the m function indirectly determines a measure 
for every sensed angle. 

8.4 Exercises 

1. For radius 3, circumference is 6ir. Thus fl is g- X 6v, or it. 
Since r=3, 7 = j. • 

For radius 2, circumference is 4jr. Thus fl is 4 t r, or |*r 

IT 

ft T tr 
Since r=2, p = j- = j. 

11 

For radius 1, circumference is 2 ir, ft is g- x 2 tt, or ^r, and 
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TT 

qJtt 

r ” T = T 

Emphasize that the results are the same, illustrating 
the principle discussed in the text. 

2. (a) Jr (one-fourth of the circumference) 

(b) (one-third of the circumference) 

(c) (one-twelfth of the circumference) 

(d) ^?r (five-eighths of the circumference) 

(e) (seven-eighths of the circumference) 



(f) 7 r (one-half of the circumference) 

3. [student drawings] 

[student drawings] 

5. The measure of (S3*, Eg) is 0, since this angle is congruent 
to the standard position zero angle. Congruent sensed angles 
all in the same equivalence class— are assigned the same 
measure. 

6. (a) No; we do not at this time consider negative arc lengths 

(b) 3fes; the "zero angle" is assigned measure 0. 

(c) The arc length 2 v corresponds to point (1,0); this 
brings us back to the zero angle, which has been as- 




signed measure 0. 

(d) No [In Course IV, the wrapping function will assign 
many numbers to each sensed angles, but the principal 
measures will remain those numbers between 0 and 2? r] 

(e) [x: 0 s x < 2m } 

The m function is one-to-one. 
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8. [student drawings] Be sure students understand that m“ A 

maps from (x: 0-x<27r) to the set of standard position 

sensed angles. This inverse function will play an impor- 
tant role in subsequent sections and in Course IV. 

(a) (The initial side is OX, not OR; by way of contrast, 

note m 2 ROX=^ ) 

(b) ]fr 

(c) ir 

(d) tpr 

(e) 

<*> k 

(g) 

8.5 Circular Functions of Angles (2 - 2^ days) 

In this section, the SINE and COSINE functions are intro- 
duced, with the usual definitions of ordinate and abscissa, re- 
spectively, of the point where the terminal ray of a sensed 
angle intersects the unit circle. 

Emphasize that the domain of each of these functions is the 
set SPSA. It is for this reason that the function names are 
capitalized, distinguishing them from functions of numbers to 
be introduced in Section 8.7 and to be denoted by the lower case 
names "sine" and "cosine." Thus SINE and sine are distinct func- 
tions, and the upper and lower case designations help to keep this 
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distinction intact. 

Note that SINE (and also COSINE) is not one-to-one, since 
two angles may have the same SINE. This can be made clear on 




the horizontal line AB is represented by a thin stick placed 
on the projector so as to be parallel to the x-axis. Since 
this line intersects two points on the unit circle having the 
same ordinate, the two angles so determined have the same SINE. 
The same thing may be done with COSINE, this time placing the 
stick parallel to the y-axis. 

The section includes the principle that angles have the 
same sense if and only if their SINES have the same sign (both 
positive or both negative). There is a physical way in which 
students may think about two angles having the same sense or 
opposite sense. In angle ABC below, think of transversing a 




Such a path could be described as counterclockwise . Similarly 
the path e-F-G-E is counterclockwise. Thus the sensed angles 
ABC and EFG have the same sense (counterclockwise). On the 
other hand, Z&HK is of opposite (clockwise) sense, since the 
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path G-H-K-G is physically construed as a clockwise one. (Notice, 
however, that TlCHG does have the same sense as 73U3C. ) This is 
not intended as a definition of same sense and opposite sense, 
but rather as a physical aid for students in bringing some sort 
of meaning to the phrase "same sense." 



8.6 Exercises 



1 . 



2 . 

3. 



4 . 

5. 



6 . 




(a) 


0 and -1 








(b) 


-1 and 0 








(c) 


1 and 0 








(a) 


0 








(b) 


1 








(a) 


No point of the 


unit 


circle 


has y-coordinate greater 




than 1 








(b) 


No point of the 


unit 


circle 


has y-coordinate less than -1 


(c) 


[xj-lil x Si} 








(d) 


No. For instance, two different angles will be assigned 



the number jy. In fact, except for 1 and -1, every num- 
ber in the range is assigned to two distinct angles. 



(a) fxj-l£xsl) 

(b) No 

SINE 73\OB=y and COSINE 7?kOB=x, where (x,y) is a point of the 
unit circle, x 3 +y 2 =l. Thus, by substitution, [SINE (75\.OB)] 2 + 
[COS (#U)B)P=1 

(a) positive 

(b) positive 

(c) negative 

(d) negative £20^ 
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8 . 



(a) 


negative 


(b) 


positive 


(c) 


positive 


(d) 


negative 


(a) 






(b) 


- 





(a) 



(b) 







10. There are two such standard position sensed angles. They 
are determined by the x-axis and the line y=x. 




71 



*n. 



o 

ERIC 



From Exercise 5 , [SIN(£a 0B)] 8 +[C0S(7*A0B] 3 =1 
And if SIN?A0B=C0S7k0B, we have 
[ SIN( 7*A0B ) ] a + [ SIN( ZfcOB ) ] 8 =1 
2[SIN(2lX0B)] a =l 
[SIN(ZkOB)] a =| 

SIN(T^OB) =t I =t | 



2 ° 8 
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12 . 



13 . 

14 . 



The SINE function assigns to the first quadrant angle, 

MM 

and to the third quadrant angle. 




These angles are determined by the x-axis and the line y = -x. 
Since (^-) 3 + (y/ J J 3 = tj- + = 1, the point (i, ^/J) satisfies 
the equation x 2 + y 2 = 1 of the unit circle. 




15 

16 




. P( -a, b), Q( -a, -b ) , R( a, **b ) 




onq 

r^' 



ZAOB and “AOC both have a positive 
number assigned by the COSINE 
function. 

However, A-O-B is a "clockwise" 
orientation, whereas A-O-C is a 
"counter clockwise" orientation. 
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8.7 Circular Functions of Real Numbers (2 - 2— days) 

Before this section is taught, it is might be wise to be sure 
that the class is clear on the SINE and COSINE functions, and on 
the function m - '*', the inverse of the m function. It may also be 
well to review briefly the notion of composition of functions, 
a concept that has been met a number of times before. Thus if 
f and £ are functions, then the composition g 0 f is meaningful 
f the domain of £ is a subset of the range of f . 

Putting these ideas together, it is apparent that the compo- 
sition SINE 0 m"* is meaningful, since the domain of SINE is the 
set SPSA, which is also the range of m . This composition is 
then a new function, denoted "sine." Its domain is [0,2 tt) and 
its range is [-1,1]. Similarly, the cosine function is defined 
as the composition COSINE ° m"\ 

The distinguishing feature of these new functions is that 
they assign numbers to numbers rather than to angles as wc.s 
the case with the SINE and COSINE functions. Thus students 
get a first notion of the idea of, say, sine 2, where 2 is a 
measure of something other than an angle (e.g., time). 

In Course IV, with the introduction of a wrapping function, 
we shall be able to speak of the sine and cosine of any real 
number. But at the present time, with only the m function 
available (which deals just with principal measures) we are 
limited to speaking of sine (or cosine) x, where 0< x < 2ir. 
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8.8 Exercises 



1 . (- ^/ 3) 2 + (^-) 2 = |: + tp - 1 

2. (a) |rr 

(b) 7 *aob 

(c) | 

(d) g- 



(e) -|/3 

(f) - |/3 

3. (|s/2) a + (- |/2) 2 =|+| = 1 



(a) 




(b) 


Hob 


(c) 


-¥ s 


(d) 


-¥* 


(e) 


-¥* 


(f) 


¥? 


(g) 


¥ s 


(h) 


¥ s 


(a) 


-l 


(a) 


l 


(c) 


0 


(e) 


0 


(g) 


-1 
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(b) 0 

(b) -1 

(d) 0 

(f) 0 

(h) 1 
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7. 


(a) 


sine > 


0; 


cose < o 








(b) 


sine < 


0; 


cose < o 








(c) 


sine > 


0; 


cose > o 








(d) 


sine < 


0; 


cose > 0 






8. 


(a) 


true 






(b) 


false 




(c) 


false 






(d) 


false 




(e) 


false 






(f) 


true 




(g) 


false 






(h) 


true 




(i) 


true 






U) 


true 




00 


true 






(1) 


false 


9. 


(a) 


3”' 






(b) 


3* 




(c) 








(d) 


V 3 




(e) 


fa 






(f) 


1 


10. 


(a) 


& 






(b) 


& 




(c) 


fa 






(d) 


i/2 




(e) 


fa 






(f*) 


-£</ 2 



11. (a) SPSA, the set of sensed angles in standard position 

(b) no; two angles may be assigned the same number 

(c) {xjo £ x < 2w) 

(d) no 

(e) SPSA 

(f) no 

(g) lx|0 £ x < 2 tt) 

(h) no 

O r - O 

o 

ERIC 
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8.9 Degree Measure., Radi an Measure, and Angle Addition (2 - 2*- days) 



A number of principles are introduced in this section. 
First, the "degree protractor, " familiar from earlier work, 
is extended to a full circular protractor so that every stan- 
dard position angle may have a measurement expressed in degree 
units as well as in radian units. While the m function, as 
originally defined, assigns numbers which can be interpreted 
as measurements in radians but not in degrees, it is neverthe- 
less common to see such notation as "m(ZXOB) = 30°. " We avoid 
it as much as possible, however, saying instead such things as 
'TAOB has a degree measurement of 30° 

The two principles presented next (concerning the relation 
between the measurement of an angle and its reflection in the 
x-axis, and between an angle and the angle obtained by inter- 
changing initial and terminal sides) should be clearly under- 
stood as they will be used in the development of Section 8.11, 
With the aid of a diagram, the two principles are very easy to 
understand, and the rationale in the text should make them seem 
reasonable to students. In terms of logical structure, they may 
be viewed simply as postulates. 

Also to be used in Section 8.11 is the definition of angle 
addition, which makes up the final portion of this section. The 
rationale for the definition may be illustrated physically by 
drawing two angles, say ZAJBC and “DEF on the overhead projector. 








- 302 



l 

\ 

i: 

i 

. 



o 
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making a tracing of Z!bEF, and moving the tracing over so that 
HR? coincides with Ttff. The angle ABF so formed illustrates the 
sum Z3U3C + ZtlEF. Of course students should understand that 
the definition itself, while suggested by the picture, is inde- 
pendent of it. 

Angle addition may serve the purpose of probing once again 
the fundamental concept of binary operation. Here the operation 
is defined on the set of sensed angles, and so we have an opera- 
tional system (SA,+). It may be of interest to investigate the 
properties of this system. It is associative, as a demonstration 
on the overhead projector may illustrate. There is an identity 
element; in fact, any zero angle functions as an identity. Each 
angle has an inverse; specifically, the inverse of 1%BC is Z&BA, 
since, by definition of angle addition, 2&BC + Z^BA = a zero 
angle. Angle addition is not commutative when one considers 
individual sensed angles. Thus, T^BC + 73)EF is not the same 
as Zl>EF + HkBC (in the first case, Zt)EF is "moved over" to Z3lBC, 
while in the second 7&BC is "moved over" to 73)EF. ) However, if 
one considers the operation as being defined on equivalence 
classes of congruent sensed angles, then the operation is com- 
mutative; in the case above, the results are not identical, but 
are congruent and hence in the same equivalence class. Thus, 
considering the operation as one of equivalence classes, the 
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structure is that of a commutative group. 



8.10 Exercises 



1. 

2 . 

3. 

K 

5. 

6. 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14 . 

15. 

16 . 

17. 

18 . 
19. 



0 radians 

^ radians 

•j£ radians 

j radians 

5y- radians 

180 ° 

120 ° 

150 ° 

135° 

]pr radians 
T* rMlans 



|?r radians 

|*r radians 
225° 

2 ^ 0 ° 

210 ° 



(!5 x radians, or ^ 



,360\° 
v T ) 

IT 



o 
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20. 


(r. 180)° 
7T 






21. 


d»(i^y) radians 






22. 


(a) 305° 


(b) 


160° 




(c) 305° 


(d) 


160° 




CD 

VJ1 

VJ1 

O 


(f) 


200° 


23. 


[student construction) Note 


that 


the two results here repre- 




sent distinct sensed angles. 


and 


hence a lack of commutativity. 



However, the two sums are equivalent in the sense that they 
are congruent to the same standard position sensed angle. 

2^. (a) zero angle (b) half-turn 

(c) zero angle (d) half -turn 

25. ZAOB (note that the zero angle is an identity element for 
angle addition) 

26 . zero angle ZAOB + ZbOA = (3JC, GK) 



8.11 Some Special Angles (lx- - 2 days) 

This is one of those sections in which the unification 
theme is especially prominent. Essentially the purpose of the 
section is that of determining the SINE and COSINE of certain 
angles (e.g., those measuring 30°, ^ 5 °, 60°, etc.) In the 
development concepts from geometry (e.g., Pythagorean theorem) 
and transformation geometry (e.g., line reflections) are used 
as well as the definition of addition of sensed angles and the 
two principles from Section 8.9. 
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In the text itself, angles measuring 60°, 120°, 2^0°, and 
300° are treated, with the others left for the exercises (see 
Exercises 1 and 2 of Section 8.12). You may wish to use these 
exercises as class projects, with students participating in the 
development. If the explanation for those angles treated in 
the text is understood, there should be little difficulty with 
the exercises. 

Be sure to emphasize that it is the 30°, ^ 5 °> and 60° angles 
which are in a sense essential here; if they are known, the others 
can be obtained quickly by using basic facts of transformation 
geometry. 



8.12 Exercises 



(a) 


1 

“ 2* 




0>) 


Y 


(c) 


1 

S’ 




(d) 


- Y 3 


(e) 


1 

" ? 




(f) 


-Y 


(a) 


-Y* 




(b) 


Y* 


(c) 


Y s 




(d) 


-Y* 


(e) 


-Y* 




(f) 


-Y* 




sine 


cosine 






0° 


0 


1 






30° 


1 

S’ 


Y 






45° 


Y s 


Y* 
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4 . 






sine 


cosine 






60° 


¥ 3 


1 

S' 






90° 


1 


0 






120° 




1 

■ S' 






135° 


\T2 


-> 






150° 


1 

S' 


- ^3 






o 

o 

00 

H 


0 


- l 






210° 


1 

" S' 








225° 










240° 




l 

’ S' 






o 

o 

CVJ 


-l 


0 






300° 




l 

S' 






315° 


- |s/S 


S'* 






330° 


1 

" S' 


|A3 






(a) 


¥ 




(b) 


(c) 


¥ 




(a) 




(e) 


-¥* 




(>) 




(g) 






00 




(!) 


i 

S' 




(J) 




00 


1 

■ S' 




(1) 




(m) 


¥ 




(n) 


1 

" S' 


(o) 


-§/3 




(P) 


1 

S' 
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5. 


(a) 


30°, 150° 


(b) 


210°, 


330° 




(c) 


45°, 225° 


(d) 


135°, 


315° 


6. 


(a) 


0,TT 


(b) 


7T L 






(c) 


fp r, J?r 


(d) 


0, J, 


7T, | 


7. 


(a) 


1 

2 


(b) 








(c) 


1 


(d) 








(e) 


V 2 


(f) 


1 






(g) 


1 


(h) 


|/3 





(i) 1 

8. Let m _1 (9) = ZAOB. 

Then sin 2 9 = (SIlCAOB) 2 

cos 3 9 = (COSlAOB) 3 
Prom Exercise 5, Section 8.6, 

(SINIAOB) 3 + (COSZAOB) 8 = 1 
Therefore, by substitution, 
sin® 9 + cos 3 9 = 1 

9. (a) |/3 

(b) \ 

(c) False (note that the sine function does not possess 
the linearity property) 




(d) 1 

(e) Y 2 

(f) | 

(g) False 

1.4i4, .707, .707 
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1.732, 


* 

VO 

VO 

CO 

• 


.866 


0 


0.000 


1.000 


IT 

S' 


.500 


.866 


IT 

t 


.707 


.707 


TT 

J 


.866 


.500 


TT 

S' 


1.000 


0.000 


¥ 


.866 


-.500 


¥ 


.707 


-.707 


¥ 


.500 


-.866 


TT 


0.000 


-1.000 


¥ 


-.500 


-.866 


¥ 


-.707 


-.707 


¥ 


-.866 


-.500 


¥ 


-1.000 


0.000 


¥ 


-.866 


.500 


¥ 


-.707 


.707 




-.500 


.866 



8.13 Graphs of Circular Functions (2i=r - 3 days) 




Graphs of functions should by now be a familiar concept, 
and it seems quite natural to investigate briefly the graphs 
of the sine and cosine functions. These graphs can be sketched 
with relative ease by using points based on the "special value" 

310 
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determined in Section 8.11, together with an intuitive fee.' _r 
continuity. Thus with the points plotted in the text f:>r s - i.n x, 
the nature of the curve becomes apparent. 

The full periodic nature of the sine and cosine functions 
is lacking from the graphs here, since the domain at this time 
is restricted to fx| 0 £ x < 27 r}. In Course IV, with the 
introduction of a wrapping function, the domain is extended to 
the full set of real numbers, and the nature of periodicity 
explored. 

It may be profitable to investigate the sine and cosine 
graphs for symmetry, a transformation geometry concept developed 
earlier. For example, the sine graph does not have line symmetry 
but it is symmetric to the point ( 7 r, 0 ). It also has rotational 
symmetry about this point. Similarly the cosine graph has both 
symmetry and rotational symmetry about the point (£, 0). (See 
exercises 13-16 of Section 8.l4) Students may want to discuss 
the point that technically these symmetries do not exist unless 
the point (0, 0) is suppressed; this results from the fact that 
the number 27T is not in the domain. 



8.l4 Exercises 



(a) 


.454 


(b) 


.891 


(c) 


.643 


(d) 


.643 


(e) 


.174 


(f) 


.174 


(g) 


.743 


(h) 


.743 


sin 


130° * sin 50° * .766 
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(a) 


cos 


130° 




-cos 50° 


11 

1 

b\ 

£ 


(b) 


sin 


250° 


= 


-sin 70° 


= -.940 


(c) 


cos 


200° 




-cos 20° 


O 

-3* 

< 7 \ 

• 

1 

II 


(d) 


sin 


290° 


=3 


-sin 70° 


il 

1 

VO 

4^ 

O 


(e) 


cos 


290° 


= 


cos 70° = 


: .342 


(f) 


sin 


179° 


= 


sin 1° = 


.017 


(s) 


cos 


269° 




-cos 89° 


11 

1 

• 

-4 


(h) 


sin 


359° 


= 


-sin 1° = 


* -.017 



4. 




f and £ are reflections 
of each other in the 
x-axis 




f: sin x 
g: 2 sin x 
h: -2 sin x 

Note that £ and h are 
reflections of each 
other in the x-axis 




(d) The range of f is {y| -1 < y < 1} 

The range of both £ and h is {y| -2 < y < 2} 



Q*. O 



ro|=t 
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6 . 




g may be obtained from 
h by the translation 
(x,y) — (x,y+ ), 
h from £ by the inverse 
translation 
(x,y) — (x,y-4) 
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8 . 






ERLC 



obtain the graph by- 
addition of ordinates 



(J1A 
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14. (a) 0 

(b) 0 

(c) 190° 

15. (a) 0 

(b) The points (^r, cos^r) and (|r, cos|*r) are symmetric 
with respect to the point (?£■, 0). 

16. (a) 0 

(b) 0 

(c) 90° + 47° = 137° 



o 
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8.15 Law of Cosines and Law of Sines (2^ - 3 days) 

The purpose of the present section is quite clearly that of 
developing ability to "solve triangles", once the principle con- 
cern of an elementary course in trigonometry. Instead of begin- 
ning with the solution of right triangles, we first develop the 
Law of Cosines and the Law of Sines; then solutions of right 
triangles appear simply as special cases of these (see, for in- 
stance, Exercise 11 of Section 8.16). 

The derivation of the Law of Cosines involves a number of 
ideas encountered earlier in the programs the distance formula, 
the plane transformation known as a dilation, and the definition 
of SINE and COSINE of an angle. Thus here a new and important 
principle. 

The derivation of the Law of Sines too calls upon some 
past experiences, principally those dealing with finding the 
area of a triangle. 

Students should understand that there is not always suffi- 
cient information to solve a triangle. ("To solve" a triangle 
is usually taken to mean determining without ambiguity its other 
parts. ) Exercise l4 of Section 8,16 is directed to this issue. 
Part (a) of that exercise is the famous "ambiguous case" of tri- 
gonometry. Thus, suppose we want to "build" a physical triangle 
having these parts: 
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There are clearly two ways to do it: 




angle . 

Let Exercise 8 in Section 8.16 come as a surprise to 
students; obviously the Law of Sines won’t work in a "tri- 
angle" that does not exist in the first place’. 



8.16 Exercises 



1. c 2 = 4oo + 100 - (4oo) (.9^0) 
= 500-376 
= 124 



Thus c v!24 » 11 . 1 

[The answer of course is an approximation, since VT5# has 
has been approximated, and even .940 is an approximation 
of cosine 20°] 

2. c a = l44 + 25 - ( 120 ) (0) 

= 169-0 

= 169 



3. 




c = ^69 = 13 

[This exercise can be used to show that the Pythagorean 
principle is a special instance of the Law of Cosines.] 

(a) a 2 = b s + c 2 - (2bc) (cosA) 

(b) b 3 = a 8 + c 8 - (2ac) (cosB) 

The other two sides, as well as the angle opposite the un- 
known side. 

31*7 
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5. a 3 = 36 + l44 - (l44)(.6l6) ^ 91.3 
Thus a ~ 9.5 

6. b 3 = 36 + 144 - (l44)(-.6l6) 

Z 268.7 



7. 



8 . 



9. 

10 . 



11 . 




Thus b ~ 16.4 

[Note here that cos 128° = -(cos 52°)] 

(a) 0 

(b) 0 

(c) Pythagorean principle [See also Exercise 2, which is 

a particular case of this] 

sin A _ sin 60° 

“Iff Iff" 

Thus sin A Z jjy x 12 x .866 Z 1.0392 

But this is impossible , since no angle has a sine greater 
than one. 

Therefore, no such triangle exists. 

[Etocourage doubtful students to try constructing it.] 
approximately 4.9 and 6.6 

First, it is a right triangle by the Pythagorean principle. 
Thns, the angle opposite the 5 -side is 90°. The other two 
are approximately 53° and 37°. (Either the Law of Sines or 
the Law of Cosines may be used here.] 

(a) -- jP ^ j ; therefore c»sin A = a*l 

and sin A = ~ 

sin - B ~ f 5 so, sin B = ~ 

[Point out that these are valid in any right triangle 
you may want to inject the common verbiage "side oppo- 
site over hypotenuse"] 
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12 • sin 4o° — ■p** 

a = I5(sin 4o°) ~ 15 (.643) ~ 9.6 

13, sin 60 ° = 

b = 20(sin 60 °) Z 20 (.866) £17.3 

14, (a) There are two possibilities — see discussion in pre- 

ceding commentary 

(b) no 

(c) yes--use Law of Cosines 

(d) yes— use Law of Sines 

(e) yes — use Law of Cosines 

8.18 Review Exercises (lg- - 2 days) 

(a) Si? 

(b) st 

2?bCP and tPCD 

A sensed angle is in standard position if and only if its 
initial side is the "positive ray" of the x-axis. 

(•) I 

(») | 

[student drawings] 

(a) fyrs 

(*) i 

(a) |/2 and ^/2 

(b) Vl-a 9 and -Vl-a 3 

of course |a| must be less than or equal to 1. 

Qiq 

* : • 
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8. (a) ^ 

(b) ifr 

(c> $*■ 

(d) 

(e) ^ 

9. (a) The domain is SPSA, and the range is [-1, 1] 

(b) The domain is [0, 2ir } and the range is [-1, 1] 

10. cos 3 9 = 1-sin 3 9 

Since sin 3 9 must be positive, cos 3 9 is a number less than 1. 
Therefore, cos9 must be less than 1} otherwise, its square 
would exceed 1. 



11. 


(a) 


TT 

U 




(b) 


180 




(c) 


270 




(d) 


60 




(e) 






it) 


& 


12. 


(a) 


V2 

T 




(b) 


S2 

T 




(c) 






(d) 


-K 3 


13. 


(a) 


false 




(b) 


true 


o 


(c) 


false 


ERIC 


(d) 


false 



? . 
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14 . 




image of (0, 0) is not contained in the graph. With 
(0, 0) excluded there is a point symmetry. 

(b) No 

16. (a) 70° 

(b) AB £4.9, AC £4.5 

17. AB = 10 (the triangle is isosceles) 

AC £ 17.3 




901 
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17. (a) 120° 

(b) Both sides measure approximately 5.8. 



Suggested Test Items 



I. 



II. 



(a) A sensed angle in standard position intercepts an 
arc of 8 units on a circle of radius 4 unit's. 

What is the radian measure of the angle? 

(b) In a unit circle, a sensed angle in standard 

2tt 

position has a radian measure of What is 

the length of the arc intercepted by this angle? 

(c) A sensed angle has a measure of l40°. Find its 
radian measure. 

(d) A sensed angle has a measure of radians. Find 
its degree measure. 

(a) The terminal side of a sensed angle in standard 
position intersects the unit circle at (j-, - jVeT). 

If the angle is /^OB, 

(1) What is Sine (ZXob)? 

(2) What is Cosine (ZftOB)? 

(b) (1) If Cosine (Z&ST) = §> what are the possible 

values of Sine (Z$ST)? 

(2) If Sine (zJob) = §■, what are the possible values 
of Cosine (ZHob)? 



O 
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III. 



IV. 



V. 



VI. 



Using the unit circle below, draw the following sensed 
angles in standard position, as indicated: 

(a) m(il0B) , %f- (b) m(ijoc) = ^ 

(c) m(/l0D) , ^ (a) m(Z&OB) = ^ 




(b) What is the domain of the Sine function? 

(c) What is the range of the sine function? 
Complete the following: 

(a) sin 225° 

(c) cos 
(e) cos 0 



(b) cos 150° 
(d) sin 90° 



(g) sin 240 c 



(f) cos 

(h) sin + sin tt 
(i) sin® 30° + cos®30° (j) sin 60° + cos 150° 

Draw graphs of the following functions on the same set 
of axes: 

(a) f : x — -- ) sin x 0 £ x < 2 tt 

(b) g : x » -sin x 0 £ x < 2w 

(c) h : x * 2 cos x 0 ^ x { 2ir 



O 

ERIC 



- 322 



VI. In AABC, AC = 4", AB = 5", and ?LA = 60°. 

(a) Find the length of BC to the nearest tenth of an 
inch, 

(b) By using Law of Sines find the measure of ^.C to 
the nearest degree. 



Answers to Suggested Test Items 



I. 



II. 



Ill 







(a) 


2 radians 


(b) 


2ir 

T 






(c) 


Tl 

9 






(a) 


210° 






(a) 


(1) 


- 


y? 




(2) 


1 

3 


(b) 


(1) 


+ 


4 

5 




(2) 


+ 


*JW 
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IV. (a) 

(b) 

(c) 

V. (a) 

(d) 
(g) 
(j) 

VI. 




(x : 0 £< 2tt} 

Set of sensed angles in standard position 



fy •• 


■U y 1 1) 






V? 

2 


(b) 


2 


(c) 


1 


(e) 


1 


(f) 


VT 

2 


(h) 


1 

2 


U) 



0 



VII. (a) 4.6 

(b) 70° 





r—ilcvj 
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Chapter 9 

INFORMAL SPACE GEOMETRY 
Time Estimate: 10 - 13 days 



O 
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This chapter extends the study of geometry to three 
dimensional space. An introduction to incidence and parallelism 
of lines and planes in space is followed by a short section 
exposing students to deductive processes for an affine geometry 
in three dimensions. Following this, coordinate systems are 
introduced into affine 3-space using the same coordinatization 
axioms previously used in Course II in connection with the 
affine plane. 

An informal discussion of perpendicularity in space follows. 
Rectangular coordinate systems are introduced and the distance 
formula for points in space is developed. The chapter ends 
with a short study of certain surfaces. Included are set 
notation descriptions of the sphere, cylinder of revolution 
and right circular cone. 

A basic objective of the chapter is to acquaint the 
student with a body of information and experiences which will 
provide adequate background for future study of topics requiring 
familiarity with space geometry. Also, the chapter's content 
and scope reflect a desire to expose the student who might 
not pursue an educational program involving geometry at a 
higher level to as broad a sampling of space geometric notions 
as time will allow,. __ _ 



- 325 “ 



Coming as it does at the end of a course, the teacher 
may find that there is inadequate time available to cover all 
the material of the chapter. In that event, it is recommended 
that priority be given to Sections 1-5 on lines and planes 
in space, and Sections 10-15 on perpendicularity and rectangular 
coordinate systems . 

9.2 Planes in Space ( 1 day) 

A set of activities are suggested leading to a number of 
"Observations" which are not formalized to the status of 
axioms in the section. The students are expected to accept 
these observations as statements concerning physical reality, 
conforming with their life -experiences. 



9.3 Solutions to Exercises 



1. 


(a) 


infinite 


number (b) 


infinite number (c) 


infinite number 


2. 


one 












3. 


one 












4. 


one 












5. 


(a) 


no 


(b) 


three 


(c) 


no; none; six 


6. 


(a) 


yes 


(b) 


one or four; 


yes 




7. 


(a) 


none 


(b) 


four 


(c) 


infinite number 


8. 


no 












9. 


It - 


depends on 


Observation 


2 and the fact 


that two given 



points can lie in infinitely many planes. 
10. Have fun arguing with your class on this. 



O 
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11. 


(a) 


a line 


(b) 


yes. 


Observation 1 


12. 


(a, 


yes 


(b) 


no 


( 




(a) 


no 


(e) 


yes 





9.4 Parallel Lines and Parallel Planes in Space (l day) 

This section includes intuitive exploration designed to 
make the standard definitions of parallelism plausible and 
leading also to Observation 5 which is the generalisation of 
the parallel postulate to space. In the activities it is very 
important to stress the fact that physical models are only 
suggestive of geometric properties. To avoid limiting the 
applicability of geometric results we should obtain abstract 
idealizations of limited physical objects. 



9.5 Solutions to Exercises 

1. given in text 

2. false 

3 . true 

4. false 

5 . false 

6 . false 

7 . true 

8 . true 

9 . false 

10 . true 

d 

ERIC 



99 ^ 



- 327 



11. 


true 




12. 


true 




13. 


false 




9.6 


Deductive Processes in Affine Space Geometry 


(li -2 days) 




No attempt is made in this section to develop 


2 

a formal 



synthetic geometry paralleling the approach for plane geometry 
in Course II, Chapter 3. 

Accepting the five Observations (axioms), the student 
observes how certain statements (theorems) can be deduced by 
use of the Observations. There is danger, of course, that the 
students will confuse "truth" with validity. The teacher should 
take pains to emphasize that we accept the Observations as being 
"true"; the statements are then necessary consequences . 

The proofs in the first two Examples are rather informal. 
For the third, an indirect approach is outlined and the 
student is led to the point where he should be able to complete 
the proof himself. 

Because of limited experience with writing proofs., it 
might be unwise to assign more than a few of the exercises 
of Section 9.7 immediately. A better procedure might be to 
proceed to subsequent sections after covering the first few 
exercises, the remainder being assigned one or two at a time 
as subsequent sections of the chapter are studied. 



O 
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9.7 Solution to Exercises 



1. Suppose m and n are a distinct pair of parallel lines. 
There is a plane ir x which contains both m and n (see 
Section 9.4). Suppose v a ^ ir x contains m and n. Let 
P, Q € m and let Pi 6 n. P, Q, and R € v x , since 

m x n € t r x . If m l n also € ir 8 , then P, Q and R also € ir a . 
But this contradicts Observation 2 which states that three 
non-collinear points lie in exactly one plane. Conse- 
quently m and n are contained in exactly one plane. 

2. Let ir x and ir a be two distinct parallel planes and let ir a 
intersect tt x . Suppose m is the intersection of tt x and 
7r a . (we assume that v a is distinct from v x and v a .) If we 
claim that ir a does not intersect tt 9 , then it must be 
parallel to it. If A is a point in m, then tt x and ir a are 
two distinct planes containing point m in space which are 
both parallel to ir a . This violates Observation 5. 
Consequently ir a must intersect v a as well as v x . 

? T et t r x and ir a be parallel planes and let v a intersect both 
tt x and v a . Also, let the intersection be m = ir a n v x and 
n = ir a n TT a . Are m and n ||? Suppose they are not. Then 

they intersect at some point P. P € m > P € tt x ; 

P € n ■> P € ir a . P is a point of intersection of tt x 

and ir a . But this violates our given information that v a 
and tt x are parallel and therefore have no intersection. 
Consequently m || n. 
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4 . 



5 . 



Let m and n be two parallel lines (suppose them to be 
distinct), and let A be the intersection of m with plane 
t r. Will t r intersect n also? Suppose it does not, that 

is, that n || tt . According to Example 3> parallel lines m 

and n are contained in exactly one plane ir' . tt' will 
intersect tt in some line p which contains A. p and n 
are distinct coplanar lines which are not parallel, hence, 
have an intersection point B. But B mUst be in both ir and ir' 
since every point of p lies in tt and f' . So rr intersects 
n at B, and our assumption that n |! tt was incorrect. 
Therefore, t r intersects n. 

Let Vj and rr a be two parallel planes, and let m n tt x = A. 

Will m intersect v g in a point also? (Assume ir 1 and ir s 

to be distinct planes.) Suppose m || ir a . Let n be an 
arbitrary line in ir x which includes A. By Example 2, 
m and n are contained in a unique plane tt 9 . In Exercise 
3 above we proved that if two parallel planes are 
intersected by a third plane, the intersection lines are 
parallel. Suppose p is the intersection of rr 9 and ir : . 

Then p j| n. Now, p and n are both in ir 9 . If they are 
parallel then we have m and n in it, , if they are parallel 
then we have m and n in ir 9 containing A & p and parallel 
to p. This violates the parallel postulate. Therefore, 
m intersects v a . 

Let t and m be parallel, and let ir contain l. Is m || n? 
Suppose not. Then m 0 ir = A. Let tt • be the unique plane 





6 
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containing A and m (Example 3). A € m implies that A is 
in v, and therefore A is in both planes. But the only 
points in the intersection of both planes are in the line 
A. Therefore A is an intersection point of A and m. 

This violates our given information that A and m are 
parallel. Consequently m j{ tt, 

T. (Reflexivity) , Every plane is parallel to itself by 
definition. 

(Symmetry). If ir 1 |j ir gf then v g || ir x by definition of 
parallel planes. 

(Transitivity). Let ir 1 || ir g and v g || ir s . We must prove 
that Vj j| ir 3 . Suppose Vj ^ tt 3 . Then tt x and ir a are 
distinct intersecting planes. Since ir x || ir a , and tt s 
intersects ir a , then ir 3 must intersect v 8 , contradicting 
the fact that ir g jj tt 3 , therefore ir x jj tt 3 . 

*8. (Reflexivity). Every line is parallel to itself by 
definition. 

(Symmetry). If l || m, then m jj A by definition of 
parallel lines. 

(c) (Transitivity): Let jt || m and m || n„ 

We must now prove that A || n. 

(l) If jfc = m or m = n, there is nothing further to 
prove. Hence we may assume that A, m and n arej 
distinct lines in whi)ch case they are disjoint. 
(Why?) 

er|c 1 V * 
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i 
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(2) There is a plane tt x containing l and m and a 
plane ir a containing m and n. (Example 3.) 

(3) If TTj = tt 8 then A, m and n are coplanar in which 
case the theorem follows from transitivity of 
parallelism in a plane (see Course II, Chapter 

3, Theorem 15). Hence take ir x J ir^. If P it?, any 
point in line n, then there is a plane tt s that 
contains line l and point P. 



(4) iTj, tt 8 and v s are distinct planes. 

(5) Since distinct’ prahes both 

containing P, these two planes must intersect in 
some line n' containing P. 

(6) The points common to tt x and ir 9 are all in line 

Hi the points common to iTj and tt 8 are all in line 
m. Therefore line n' cannot intersect plane tt 1 . 

(7) Therefore l || n' and m || n' . 

(8) Since m || n and m j| n', n = n'. But these 
were distinct lines i 

(9) Consequently l || n. 
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9.8 Coordinate Systems In 3 -Space (l - days) 

This section extends the coordinatization of the plane 
begun in Course II to all of three-space. The procedure is 
the natural generalization of the one used in that chapter. 

It depends on the fact that if three planes (the xy, xe* and 
yz-planes) meet in a single point, then any triple of planes 
parallel respectively to the three given planes also intersect 
in a single point . 

Since 3-dimensional diagrams are not easy to sketch "off- 
the cuff" it might be desirable to prepare some of the 
diagrams in advance on transparencies suitable for use with an 
overhead projector. 



9 .9 Solutions to Exercises 



1 . 




(a) If P is any point on the y-axis, then the plane tt - ! 
(which contains P and is parallel to the yz -coordinate 
plane) is identical with the yz-coordiriate plane 
because point P is contained in this plane. Since 
this plane intersects the x-axis at 0, the x-coordinate 
of P is 0. P is also in v a which intersects the z-axis 
at 0. Consequently its z-coordinate is 0. Hence the 
y-axis contains points whose x and z-coordinates are 
both 0. 

(b) {P(x, y, z): x = 0, y = 0). 

To assign a z-coordinate to a point P, we use 
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3. 




Observation 5 to obtain a unique plane ir a wh: ch 
contains P and is parallel to the xy-plane. This 
plane tt 3 must intersect the z-axis in a unique point 
Z. The point Z thus determined has a unique (0, J) 
line coordinate which we assign as the "z-coordinate 
of point P." 

(a) All points on 
the positive 
y-axis . 

(b) All points 
on the negative 
x-axis ( ray not 
including its endpoint) . 





(c) All points on the 
positive z-axis 

together with the — -- 

origin ( ray including 
its endpoint) . 

(d) A segment consisting 
of all points on the 
x-axis between the 
origin 0, and the 
point Pf^OjO). (The 
endpoints 0 and P are not 
included . ) 



z 




oorr 
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(e) All points in the 
xz- coordinate plane. 

( Indicated by shading 
in diagram) . 

(f) All points in space 
which are on the 
"positive side" of 
the xz-coordinate 
plane. 



(g) All points in space 
which are on the 
"negative side" of 

the xz-coordinate plane 

(h) All points in a 
plane parallel to 
the xz -plane 
containing the point 
Y(0, 5, 0) (Shaded) 
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(i) All points between the xz-coordinate plane and the 
plane indicated in the plane indicated in the 



<700 
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(a) 


CPU, 


y> 


z) : 


(b) 


fP(x, 


y> 


z) : 


(c) 


£P(x, 


y> 


z ) : 


(d) 


(P(x, 


y> 


z): 


(a) 


(P(x, 


y> 


z): 


(b) 


£p(x. 


y> 


z): 


(c) 


£p(x. 


3 r. 


z) : 


(a) 









x = o } 

x = 0, y = 0, z 
z - 5) 

0 < z < 5 } 
z = 4) 

x = 2} 

y = 0 } 




< 0} 



The line of 
intersection of 
two planes ; Tr x , 
parallel to the 
xz coordinate 
plane, and ir a 
parallel to yz 
coordinate plane. 



tt>) 



z 




O 
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The line of 
intersection of 
the xy-coordinate 
plane with a plane 
ir parallel to the 
yz -coordinate 
plane. (Note 
the line is 
parallel to the 
y-axis.) 
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o 




z 




A plane containing 
the x-axis and 
intersecting the 
yz -coordinate 
plane along a line 
where y = ?; . 



0, y * 2} 
2, y = 3) 
(c) {P(x, y, z): y = 2x, z = 0 J 



7. (a) (P(x, y, z): x 
(b) (P(x, y, z): x 



8 . 




(a) 

(b) 



o = 
L = 

P = 



(0,0,0), A 
(1*0,0), M 

(pjjO), Or 



4, 3, and 2 units. 
(1, 0,0), B = (0,1,0), C = (0,0,1) 
(0,|,0), M = (0,0,|) 

(|,0,|), R = (0,|,|) 






9 
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9.10 Perpendicularity of Lines and Pla nes in Space day) 

Four major points should be made in this section. First, 
a line is perpendicular to a plane if it is perpendicular to 
every line in the plane through the point of intersection of 
the original line and the plane, and the lesser sufficient 
condition that perpendicularity to two lines guarantees 
perpendicularity to the plane. Second, there is a unique 
perpendicular to a plane at a point on the plane and from a 
point not on the plane, but in space there is not a unique 
perpendicular line to a given line at a point on that line. 
Third, two intersecting planes are perpendicular if and only 
if there is a line in each plane perpendicular to their line 
of intersection and these two lines are perpendicular. Fourth, 
if a line is perpendicular to a plane, then any plane containing 
that line is perpendicular to the given plane. 

9.11 Solution to Exercises 

1. Yes, no, no, 2 

2. The lines are parallel to each other 

3. The perpendicular from a point to a plane is the shortest 
distance between these two point sets. 

4. false 

5. true 

6. true 

7. 



O 




true 
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8. false 

9. false 



9.12 Rectangular Coordinate Systems In Space (i d a y) 

The classroom space is utilized as a simple example 
of a rectangular coordinate system in space. The mid-point 
formula for 3 -space is introduced by an example and as a 
natural extension of the corresponding formula in two dimensions. 



9.13 Solutions to Exercises 



1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 



(a) 


(36,13,5) 


(b) 


(18,26,5) 


(c) (18,0,5) 




(d) 


(36,0,10) 


(e) 


(36,0,0) 


(f ) (9,6|,2|) 




Answers will vary. 








(a) 


(6,8,9) 


(b) 


(-6,8,9) 


(c) (-1,-2, 6) 


(d) (6,2, -9) 


(a) 


(2,3, -2) 


(b) (• 


-3,0, -9) 


(c) (13,0,0) (d) 


(16,-6,10) 


(a) 


(-2, -3,8) 


(b) (• 


-7, -6, -5) 


(c) (9,4,4) (d) 


(12,-12,14) 


Yes, 


(x+a, y+b. 


z+c) = 


(x+a', y+b 1 


', z+c') implies x+a 


= x+a' 



which implies a = a', etc. 

Yes. The pre-image of (x,y, z) is (x-a, y-b, z-c). 



9.14 Distance in Space (l - l*j days) 

It should be stressed that this section pre-supposes the 
adoption of a rectangular coordinate system for 3»space, because 
a proof of the distance formula is based on the Pythagorean 





property for right triangles. In a general affine coordinate 
system, the triangle OBC in Figure 9.33 would not be a right 
triangle and the lingth of OS would not be V"(lb) a + (13) 3 
as indicated in the text. 

9 . 15 Solutions to Exercises 

1. (a) 13 (b) 26, (c) 13 (d) 13 

2. (a) OP = 26, (3,4,12), 13 

(b) OP = 13, (- |, -2, -6), 6| 

(c) OP =V5^, (§» 2, 2|), 

(d) OP = Z&5, (3,4,5), sf^5 

3 . Should confirm. 

4. (a) 3 (b) 6 (c) 1 (d) 7 

5. (a) (5*-2,4) 

(b) AM = 3, MB = 3, AB = 6 

(c) Since AM + MB = AB, the point M must lie on segment AB 
and since AM = MB this point must be the midpoint of 
segment AB. 

6. Midpoint of side IS is M(-l, 0, 4) 

Length of median: CM = V(l-(-l)) a + (2-0) 3 + (-4-2) 3 

= ^2 3 + 2 a + 6 2 
= n/¥ 

9.16 Surfaces in Space (li - 2 days) 



This section presents some familiar surfaces with precise 
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descriptions in set theoretic terras. Using rectangular 
coordinates, set expressions are derived for the sphere, right 
circular cylinder and cone of revolution. For simplicity, the 
center of the sphere is located at the origin and the axes 
of the cylinder and cone coincide with coordinate axes. If 
time permits, set descriptions of these surfaces with other 
center and axis locations can be investigated with the aid of 
translations, - possibly even rotations, (See Exercise 8 in 
the chapter summary. ) 

The right circular cone displayed in coordinatized 
space has an element angle of ^5 degrees. Since the tangent 
function is not introduced until Course IV, the general des- 
cription, with cone angle a, of a cone oriented as in the 
text example might be inappropriate at this time. It is 

_3 

(p(x,y, z): x a + y a = ). However, a description in terms 

of sine and cosine might be derived by students in a "project" 
setting. 

9.17 Solutions tc Exercises 

1. circle 

2. circles of varying diameter with centers lying on an axis 
of the sphere. 

3. circles of varying diameter, the longest being that determined 
by the plane that also passes through the center of the sphere. 

o A O 

O 

ERIC 

hfliflaffHHaaaa 
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4. (a) 



(b) 
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6 . 



7. 

8 . 



It is a plane except that one line is missing, the line 
through the vertex of the cone and parallel to the generating 



curve. 

It is a plane. 

(a) a sphere centered at 
the origin with radius 1 

(b) a sphere centered at the 
origin with radius V2 

(c) a right circular cylinder, 
axis the z-axis, and with 
radius 2 



z 




(d) a right circular cylinder 
axis the x-axis, and with 
radius 1 



(e) a right circular cylinder, 
axis the y-axis, and with 
radius 3. 

o 

ERIC 





4 > 
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(f) a right circular cone, 
axis the y-axis, vertex 
at the origin, and <y = 45 



(g) a right circular cone, 
axis the x-axis, vertex 
at the origin, and or = 45 



9* (a) a line containing the point 

( 1,1,0) and parallel to the 
z-axis intersects the sphere 
in the points (l,ly>/2) and 

(1,1,- V2) 



(b) a plane containing the point 
(0,0,1) and parallel to the 
xy-coordinate plane intersects 
the sphere in a circle centered 
at (0,0,1) and with radius */3. 
The plane of the circle is 
parallel to the xy-coordinate 
plane. 




ERIC 

hfflinaffHHaaaa 



X 
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(c) A right circular cylinder 
with axis the z-axis and 
with radius 2 intersects 
the sphere in a circle in 
the xy-plane. The center 
of the circle is at the 
origin and the radius is 2. 



<- 

( 0 , - 2 , 0 ) 

(2,0,0) 



\A- 2 , 0 , 0 ) 
/ 

7^~^J/0,2,0) y 

I ^ 



* (d) A "sandwich" consisting of 
the points on and between 
the planes y = -1 and y = 1 
intersect the sphere in a 
portion of the sphere such 
as the one depicted on the 
right. 

9 . 19 Solutions to Review Exercises 




1. Perhaps the football field, but this could be contested. 

2. (a) infinitely many * (b) infinitely many (c) one 

3. (a) true 

(b) false 

(c) false 

(d) false 

(e) true 



ERJC 

hffliflaffBHaaaa 






true 
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4. (a) (2,2,2) 

(b) (-14, -14, - 7 ^) 

5. square root of 50, square root of 338 or 13 n/2 

6. (a) 5 (b) 13 (c) 9 



O 

ERIC 




y 



(a) See previous sketches of sphere with center at origin., 
Radius of this sphere will be 3, 

(b) The result would be a sphere because a transformation 



is an isometry. 



(c) 




center (l r 2 r 3 ) 



f 
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(d) A sphere centered at the 
point (2,1,3) and with 
radius 2. 



Suggested Chapter Test Items 

I. Complete each sentence by writing the words always, 
sometimes, or never in the space provided. 

(a) Two distinct parallel lines are __ contained in 

exactly one plane. 

(b) Three parallel planes intersect in a line. 

(c) Given three points, there is one and only 

one plane that contains them. 

(d) Two planes ■ intersect in a point: 

(e) Two distinct planes which are both perpendicular to a 

third plane are parallel to each other. 

(f) A line _ intersects a plane in exactly one 

point if it is not contained in the plane. 

(g) If a line intersects one of two parallel planes, then it 
intersects the other plane. 

II. Using an indirect approach, give a convincing argument to 
show that a line which is neither in a given plane nor 
parallel to it must intersect the plane in exactly one point. 



O 

ERIC 

hfliflaffBHaaaa 
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III. 



IV. 



V. 



o 

ERIC 

ijfflimffamiaaa 



Give a verbal description of each of the following 



sets of points in affine 3 -space. 



(a) (P(x,y,z): j - 0, z = 0) 

(b) {P(x,y,z): x « 1 » y = 2) 

(c) {P(x,y,2}: z = 3) 

The given figure depicts a cube in a rectangular 
coordinate system. Each side of the cube is 4 units long 

(a) find the coordinates of 
Points D,F, and C. 

(b) Find the coordinates of M, 
the mid-point of DF. 

(c) Find the lengths of 
fKf, Dfl, and D(?. 

(d) Show that D,M and C are 



D E 




vertices of a right triangle. 

Give set descriptions for each of the following surfaces 

in rectangular space, 

(a) The set of all points with z-coordinate equal to 3. 

(b) The set of all points which are 5 units distant from 



the origin. 

(c) The cylinder of revolution with the x-axis as its 

axis and with radius equal to 3. 

(d) The right circular cone with center at the origin, the 

z-axis as its axis, and with a = ^5 . 
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Answers to Test Items 



I. 



II. 



III. 



IV. 



(a) always 

(b) sometimes 

(c) sometimes 

(d) never 

(e) sometimes 

(f) always 

(g) sometimes (the line might be contained in one plane). 
Suppose line % fL w intersects v in A. Could B be 
another intersection point of % and ir and be distinct 
from A? Two points A and B determine a line ^5^ which 
must be contained in ir , since we observed that if two 
points of a line are in a plane, then the entire line is 
contained in that plane. But this would contradict our 
assumption that l € i r. Consequently A is the only inter- 
section point of i and r. 

(a) A line, the x-axis 

(b) A line parallel to the z-axis and including the 
point (1,2,0). 

(c) A plane, parallel to the xy-coordinate plane and 
including the point (0,0,3). 

(a) D(0,0,4)i p(4,4,4)> C(4, 0,0) 

(b) M(2,2,4) 

(e) MC =V24; DM =VB; DC =V32 





0 
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(d) Since (v/^) 8 + (VB) 8 « (*/32) 8 , the triangle DPC 

is a right triangle by the converse of the Pythagorean 
theorem. 

V. (a) {P(xjyjz). z = 3} 

(b) {P(x,y, z): x s + y 3 + z 8 = 25 } 

(c) fP(x,y,z): y 8 + z 8 = 9) 

(d) {P(x,y, z): x 3 + y a - z 9 } 



f]5l 

o 

ERIC 

ijfflimffamiaaa 



